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Superpolynomials for toric knots 
from evolution induced by cut-and-join operators 
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ABSTRACT 

The colored HOMFLY polynomials, which describe Wilson loop averages in Chern-Simons theory, possess an especially simple 
representation for toric knots, which begins from quantum ij-matrix and ends up with a trivially-looking split W representation 
familiar from character calculus applications to matrix models and Hurwitz theory. Substitution of MacDonald polynomials for 
characters in these formulas provides a very simple description of "superpolynomials", much simpler than the recently studied 
alternative which deforms relation to the WZNW theory and explicitly involves the Littlewood-Richardson coefficients. A lot of 
explicit expressions are presented for different representations (Young diagrams), many of them new. In particular, we provide 
the supcrpolynomial p|™> fcm + 1 l f or arbitrary m and k. The procedure is not restricted to the fundamental (all antisymmetric) 
representations and the toric knots, still in these cases some subtleties persist. 



1 Introduction 

Knot invariants stay among the central subjects of modern mathematical physics ever since the seminal paper [1] 
(see also latest developments in [2]). Through variety of dualities they are related to the main topics of interest 
in string theory, in particular, to the stringy avatar of the Littlewood-Richardson coefficients: the topological 
vertex Cpqr [3], defined as a weighted sum over 3d partitions with fixed triple of Young diagrams P, Q, R at the 
boundaries, which is a clever group theory toy model of generic string vertices. Of special interest are concrete 
expressions and various properties of the (at least) two-parameter family CpQn(q\t), generalizing the "refined" 
McMahon formula C...(q\t) — rii,j(l ~ <7** J ') -1 - Such a double-deformation is related within the group theory 
context with the MacDonald polynomials [4], i.e. with the theory of Ruijsenaars integrable system [5]. Its knot 
counterparts are the Khovanov-Rozhansky homologies [6] and the "superpolynomials" [7, 8] 

Closer to the Earth, the knot invariants [9, 10] are non-trivial generalization of characters and, therefore, they 
begin to attract an increasing attention in all the (deeply interrelated) fields of theoretical physics which deal 
with character calculus: topological theories, matrix models, conformal theory, integrability theory, Hurwitz 
theory, AGT relations [11, 12, 13]. Knot invariants are usually defined as certain (Wilson loop) averages in 
the 3d Chern-Simons theory [1] in different gauges and for different descriptions of the knot itself, see [13] for 
a recent review. The averages, arising in this way, depend on the knot and representation (Young diagram), 
and additionally on two parameters: the Chern-Simons coupling constant and the rank of the group. They are 
known as HOMFLY polynomials (to avoid unnecessary complications we consider only SL(N) groups in this 
paper). 

These averages can be further deformed by switching from ordinary to quantum and elliptic groups, whose 
characters are MacDonald [4] and Askey- Wilson (and further Kcrov) polynomials respectively. The knot in- 
variants, associated with the MacDonald deformation are known as "superpolynomials" [7]. They depend on 
three parameters and have an important property that all the expansion coefficients are positive integers, thus 
revealing the hidden structure behind the knot geometry: that of the Khovanov-Rozhansky homologies. The 
additional (third) parameter is that of the quantum group, and it is also related to the /3-deformation, which 
plays an increasingly important role in modern application of matrix models (for example, it is related to the 
central charge in the AGT relations [14]). In principle, any approach to constructing the HOMFLY polynomials 
can be straightforwardly deformed and provide the superpolynomials, however, this is not yet done. The only 
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notable exception is the very recent paper [10], where a deformation is performed of, in fact, the most compli- 
cated approach to description of the HOMFLY polynomials: that coming from relation to the WZNW model 
and relying upon representation of the fusion rules in terms of the Littlewood-Richardson coefficients (this ap- 
proach is so involved that we did not even include it into a brief review in [13]). Still, despite all the technical 
problems, [10] reproduces the known examples of superpolynomials and provides a working construction, at 
least, for all toric knots. 

In this paper we do the same in a much simpler way: by deforming the i?-matrix representation of the knot 
and link invariants, realized as a closed braid. In the case of toric knots the formulas of this kind for the HOMFLY 
invariants are exceptionally simple [15], and, as we explain in this paper, they are deformed in an equally simple 
way and immediately provide expressions for the superpolynomials in any desired representations. Extension 
to many non-toric knots is also straightforward, but somewhat more tedious. The biggest disadvantage of such 
a construction is that the i?-matrix representations are still not derived from the Chcrn-Simons theory in the 
temporal gauge A — (see [16] for a recent description of the problems). From this point of view, more 
promising can be considerations in the holomorphic gauge A z = 0, which lead to the Kontsevich integrals and 
the Vassiliev invariants, and also can be easily deformed to the /3-ensembles. This approach will be considered 
elsewhere. Another drawback of our construction is that it does not make the positivity property of the 
superpolynomials explicit: one can easily check it in any particular answer, but the general a priori reason 
remains obscure. 

The net of different knot invariants is schematically presented in the following table: 

P R (A\q\t) = P(a|q|t) 
!!! /" / t = -lort = 9 a=l \ 

R— matrix — > H R (a\q) Fn{c\\t) 

\ a = l t = -l / /- [17] 

A R (q) 



The superpolynomials P at the top are the most general, all other, HOMFLY H, Heegard-Floer F and Alexan- 
der A polynomials are obtained by fixing some of the arguments at special values: this is shown by descending 
arrows. The HOMFLY polynomials H are directly described by Chern-Simons theory, at least, in principle, 
and technically in terms of the quantum i?-matrix theory. To obtain a supcrpolynomial one needs to construct 
an ascending arrow, denoted by (!!!): this is the subject of the present paper for the case of toric knots T[m, n}. 
Given the i?-matrix representation of the HOMFLY polynomials, this arrow involves three deformations: substi- 
tution of the quantum (Schur) dimensions by the MacDonald ones, deformation of expansion coefficients and 
deformation of the W[ 2 ] operator (actually, of its eigenvalues on character eigenfunctions). Another ascending 
arrow, from Alexander A to Floer F polynomials is described in [17]. We use it for additional checks. 

In our explicit construction of the ascending arrow (!!!) we exploit the fact that the toric knots and links 
form the entire series T[m, mk + p] (p = 0, . . . , m — 1) where k is an arbitrary positive integer, and the lowest 
element of the series with k — is 

T[m,p] =T\p,m] with p < m (1) 

This allows one to build up the knot invariants recursively: making an anzatz for the entire series (i.e. for all 
k at once) one can fix the few remaining parameters by imposing the "initial condition" (1) at k = 0. In fact, 
for the toric knots, the anzatz is a simple thing to write down: for example, it is immediately implied by knot 
invariants representation through braids and the universal quantum i?-matrix. 
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Toric link T[m, n] (it becomes a knot whenever m and n are mutually prime) is represented by an m-strand 
braid B m and the knot invariant is schematically given by 

IC = Tr(ll m y (2) 

Here lZ m is a combination of quantum i?-matrices in representation Ri ® . . . ® R m (for a knot all representa- 
tions are the same Ri = R) and Tr involves the group-theory factor ®it PR i , so that Tr I® m — x| ?i . . . X*R m ■ 
Representation R\ ® . . . ® i? m can be decomposed into irreducible representations 

Ri®...®R m = ®Q\-\R 1 \+...+\R m \Q (3) 

and each Q is an eigenspace of lZ m , with the corresponding eigenvalue Xq. Then the knot invariant (2) is 
actually equal to 

P = E cL.M^QXh (4) 

Qh\R 1 \+...+\R m \ 

thus consisting of three ingredients: 1) the characters calculated in a special point, x*q\ 2) the coefficients 
^ which are specified by the initial condition (1); 3) and the dependence on n which is actually given 
as evolution from the initial condition at n — by action of a cut-and-join operator. This latter ingredient is 
nothing but the VF-representation of [18], it is ultimately related with matrix model representations [19] and 
Hurwitz theory [18]. 

In particularly, one obtains in this way a simple general expression for the colored HOMFLY polynomials 
for arbitrary toric links [15]: what one needs to know for this is that the eigenvalues Xq are actually expressed 
through the eigenvalues 

X Q = V Q' - v Qi W [2] s Q = x Q s Q (5) 

of the simplest cut-and-join operator [18] on the Schur eigenfunction sq{p} corresponding to the Young 
diagram Q (Qi are the lengths of rows in the diagram, Q = {Qi > Q 2 > ■ ■ ■ > 0}): 

X Q =q-^' m 1 v Q = J2(i-l)Q u HQ = ^Q i (Q i -2i + l)= J2 (i-3) (6) 

i i (i,j)eQ 

(Q' denotes the transposed Young diagram). 

In order to lift HOMFLY to the superpolynomials one needs to deform from the Schur to MacDonald 
characters \Q — Mq(q 2 \t 2 ) separating the two constituents vq and vqi of kq: 

Xq =t 2 ^ /m q- 2u Q' /m (7) 

As we already noted, (4) provides a ^-representation of the knot invariant for the toric link, known to be 
extremely useful in matrix models, and it does so for arbitrary values of the time- variables {pk}- To obtain the 
conventional knot invariants one should restrict the answer to the special one-parametric family 

A k — A~ k 

Pk=Pt= tk _ t _ k (8) 

this is how the third argument A of the superpolynomial appears in the formula. 

Formulas (4), (7), (8) and (1) fully describe our construction of the superpolynomial for the generic toric 
link T[m,n\. In what follows we provide numerous particular examples. 

Note, however, that in order to have the coefficients Rm in (4) completely specified by (1), the initial 
condition should be imposed for arbitrary p/., not restricted to (8). It is not quite clear how to achieve this for 
\Q\ > 4, and at this stage our procedure becomes more sophisticated. Actually, we provide a general rule for 
re-constructing the coefficients from the Littlewood-Richardson coefficients, i.e. derive explicitly the solution 
to (1). The rule involves a p-dependent exchange of q and t at some places, see s.3.4 below. 

Another subtlety concerns the choice of unknot superpolynomials for non-fundamental representations R ^ 
[ll^l]. Our procedure can be easily applied to any choice: it affects only the form of the initial condition (1). 
In our examples we assume the simplest choice Unknot^ = M^, which coincides with the choice in [10] and 
differs from that in [8, 20]. 
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This construction looks almost obvious, still it is far from being proved, thus it is important to ask, what 
can be actually tested. 

Of course, all available examples of superpolynomial are reproduced, including the original superpolynomials 
of [7] and the superpolynomial of the trefoil for the symmetric representation of [10]. We also specially discuss 
our results for T[m, m + 1] in the fundamental representation which is conjectured to be expressed through the 
sums over the Schdder paths and is related with the Catalan numbers [21]. The asymptotic formula for T[m, n] 
at m — > oo due to [7] is also immediately reproduced. 

By the very construction, the reduction to the colored HOMFLY polynomials is correct (thus also to the 
colored Jones and Alexander polynomials), and, what looks a little less trivial, correct is also the reduction to 
the Heegard-Floer polynomials in the fundamental representation (found using the construction by [17]). 

This is, of course, not sufficient, but there is nothing more known to compare with at the moment. 

As for the link superpolynomials, our formulas coincide with the results of [8, 20] for the Hopf link in all 
fundamental (antisymmetric) representations and do not coincide with them in other higher representations 
because we define the unknot polynomial differently as we explained above. 

In fact, the most impressive are the internal checks: the very fact that such a simple construction works at 
all, i.e. always provides a polynomial with positive integer coefficients. In the MacDonald case the fact, that 
cancelations occur in the complicated rational functions of q, t- variables and they turn into relatively simple 
polynomials, looks absolutely non-trivial and in practice is quite impressive. 

Note that our procedure, in principle, works for non-toric knots too, as an illustration we show it working 
in the example of the series of knots which starts from 52 (and continues to IO139). At the same time, for 4i 
the same procedure leads to a superpolynomial with some negative coefficients. 

We list in the table below the calculated superpolynomials indicating the numbers of subsections where they 
can be found (and the proper references to the papers where they were calculated earlier, at least, in particular 
cases, if any). 





R=[l] 


J? =[1,1] 


R=[2] 


[1]®[1,1] 


[1,1]® [1,1] 


{Ri} 


T[l,n] = unknot 


M k 


M* 

M [2] 


M* 
M [l,l] 


M [i] M [i,i] 


Kn) 2 




T[2,2fc + 1] 


s.6.2, [7] 


s.6.12 


s.6.11 








T[2,2fc] 


s.6.1 






s.6.13 


s.6.14 


[20, 8] 


T[3,3fc + 1] 


s.6.4, [7] 












T[3,3fc + 2] 


s.6.5, [7] 












T[3,3fc] 


s.6.3 












T[4,4fc + 1] 


s.6.7 












T[4,4fc + 3] 


s.6.8 












T[4, 4k] 


s.6.6 












T[m, km] 


s.6.9 












T[m,mk + 1] 


s.6.10, [21] 












52, IO139, ■•■ 


s.6.15 












4i, ... 


s.6.16 













Notations. Before proceedings to details, we need to comment on the notation, which is pretty messy in the 
field. The main a priori object to study is "the Wilson average" 

We put it in quotes because the g-i-deformation of the Chern-Simons theory itself is not fully developed yet, 
thus, there are even less chances to derive /C^ not in this way than in the "standard" case of t = q (/3 = 1). 
j^-knot - g a f unc ti on of three types of variables: q, t = q@ and A — t N , and it is proportional to a polynomial in 
all of these variables. The proportionality coefficient is a know-dependent power, and we often omit it. Still, 
the polynomial is denoted differently, in general we denote it V (superpolynomial), for the special value of 
parameters q = t it reduces to the HOMFLY polynomial H. 

Moreover, the most adequate object in our calculations is somewhat in between K, and the superpolynomial 
V: the linear combination (36) of MacDonald dimensions is a polynomial of A and A^ 1 and we denote the 
corresponding quasi-polynomial P (or H in the HOMFLY case). The initial condition (1) is nicely imposed on 
V, while in P it holds only up to factors of A. 
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One more thing is that JCr is proportional to the polynomial P evaluated at the special point pk = p% (8) in 
the time- variable space (thus, the proper notation would be P*). The full initial condition should be imposed at 
all values of p/., not restricted to p^ = p* k , only in this case it would be sufficient to define all the coefficients 
in (4) unambiguously. Unfortunately, in this text we do not develop such a general formalism, and we actually 
denote P* just through P. 

We also use the following notation. First of all, throughout the paper we use the MacDonald polynomials 
with q — »• q 2 and t — > t 2 as compared to the standard ones [4]. We also use the short-cut notation 

{x} = x--, [m] q ^ q , [l,< = ^ n x\ (11) 

x q-q 1 j=o WW-w 

In particular, [1 — x] 2 = 1 — (q + q^)x + x 2 . 

Last but not least, we use (A, q, t) to denote the natural parameters of MacDonald polynomials Mn(q 2 , t 2 ), 
while parameters standard for superpolynomial discussions are denoted through (a, q, t). They are related 
through (43). 



2 HOMFLY polynomials for toric knots 
2.1 General construction [15] 

The rather formal and abstract construction briefly described in the Introduction is naturally specified for the 
HOMFLY polynomials. Consider toric knot T[m, n] with mutually prime m and n. In this case, one should use 
as x*r tne Schur polynomials s* R and define the coefficients from the relation 



XR{p (m) } = E c rXq{p} 

Q\-m\R\ 



(12) 



where 



(m) 

P k = Pmk 



(13) 



Thus, for the toric knot T[m, n] one has 



P T n lm - n] {p}= E r*"°c%s Q {p} = q - 

Qt-m\R\ 



-W 



-•1 E c rsq{p} = <i- 

Qhm\R\ 



-W, 



s R {p {m) } 



(14) 



The ordinary knot invariant arises when the special values are substituted for 2%: 



a k - a k 



(15) 



Then 



Pl [mM {a\q) = Pn [m - n] {p*} 



(16) 



Following [15] we denote the values of quantities at pk — p* k by stars. 

However, one can describe in this way only the knot polynomials. In order to obtain a generic link polynomial, 
which corresponds to T[ml,nl], I being the maximal common divisor of m and n, one has to consider more 
general initial condition, with the coefficients determined instead of (12) from 



li s ^P im) }= E c r,..rMp} 

t=l Q\-mJ2\Ri\ 



(17) 



With these coefficients one can still use formula (14) for the polynomial. 
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2.2 HOMFLY polynomials from i?-matrix 

The origin of formula (14) is in the i?-matrix formulation of HOMFLY polynomials. To see this, let knot K 
be presented as a closure of the braid b € B mi such that b is expressed somehow through the generators of the 
braid group: 

b = g^g^-gi, 

Then the quantum group invariants can be obtained using the well known universal f?-matrix representation of 
the braid group: 

& = 1 <g> 1 <g> ...Ri <g> ... <g> 1 
such that the invariant is given by the quantum trace 

iff =tr A (V® m &) (18) 

The quantum dimension is the quantum invariant of the unknot which is the closure of a single strand 

HZ=tr x qP = al (19) 

where p is sum of the positive roots of the algebra. In this simplest case of the braid group, B 2 it is generated 
by the single element g. The toric knots T[2, 2k + 1] are the closures of g 2k+1 and the toric links T[2, 2k] are 
the closures of g 2k . Consider the simplest case of the fundamental representation of su(2). In this case one has 



R 



( q 








\ 





9 2 -l 

g 


1 








1 








V 








q ) 



(20) 



The i?-matrix acts in the product of representations [1] (g> [1] = [2] © [1, 1]. As the centralizer of the quantum 
group U q (su(2j), it acts as a scalar on the irreducible representations [2] and [1, 1]. Indeed, the characteristic 
equation for this i?-matrix has the form 



det(z - R) = (x - qf(x + q^ 1 ) 



(21) 



i.e. it has three eigenvalues equal to q and one eigenvalue equal to — q^ 1 . The first three correspond to the 
three-dimensional symmetric representation [2] and the last one to one-dimensional [1,1]. By definition, one 
has 



tr[ 2 ]<r = S[2]. tr [i,i]9 = s [i,i] 
so that the Jones polynomials (i.e. the HOMFLY polynomial with a = q 2 ) for knots and links are 

n T[2,2k+l] _ / pR 2k\ _ 2k+l * 2k-l * 

[i,i] > -«[!] -tr[i][qn j—q - q Sj 1;1 ] 



TfT[2,2k] _, f r ,pn2k\_2k* , n -2k„. 

-"[i] — to[i]{qR J—q s [2]+q s < 



(22) 



(23) 



For the generic toric knot T[m,n], the braid representation has the form b[m,n] = (gig2---g m ~i) n € B m , which 
again has extremely simple eigenvalues on the irreducible representations. 

2.3 Fundamental representation 

In particular, for the fundamental representation 



P, 



[1] 



(a\q) =q n s* 2 - q n s* n = q " ( g _ g -i)(° 2 _ g -2) ( " ( ' ( ' ~ 



aq 



;(1 



-,2n+2- 



(24) 



P^' n] (a\q) = q- 2n s* 3 - s 21 + q 2n s* lu 



q 2n [ a lq f„2„3[i „2n-3i2 fOl M „2ni2 , ^ ; . ^2n+3]2 



(q - ? -T[3] ? ! V° V[1 ' " ] « ~ [2W1 ' - q X * + oV [1 ' " 



(25) 



p T [4,"]/ I \_ -3n * _ -n * , n * _ 3n * 

\ a \q> — q s 4 q s 3i + ? s 2n q s mi 



(26) 



G 



Note that S22 with xr 2 = does not contribute in this case. Similarly, in the case of 

1 <S* -1-8 
S4I T S 



Plf' n] {a\q) = q- in sl-q-*'< 



><L < ? 2 ™ s 2111 + 9 ,4 ™ s lllll 



(27) 



the two other characters s^ 2 & n d s 221 would enter multiplied by g~ 4 ™/ 5 and g 4 ™/ 5 respectively, but they do not 
appear in the sum. This is the general rule: only terms with integer values of nxQ/m appear in the sum: for 
other Q the coefficients cj^ automatically vanish(!). In fact only the Young diagrams which have no more than 
one non-unit row and no more than one non-unit column do contribute: 



3 T[6,n] 
[1] 



(a\q) 



-5n „* 



-3n * 



~5n _* 



(28) 



^[1] l a l<?J — 9 s 7 9 s 61 + s 511 s 4111+° s 31111 9 s 211111+ < 7 s llllll 



(29) 



i > 5 [8 ' nl (a|«/) = 9" 7n «8-«/" 5n *7i+9 



3 ™ s 611 ~ 1 " s 5111 + 9™ s 41111 9 3 ™ s 311111 + 9 5 ™ s 2111111 — 9 7ns illlllll (30) 



and in general for the fundamental representation 




(31) 



2.4 Other representations 

In the next simplest representation 

Plf M (a\q) = q- 6n S* 4 -q- 2n S* 31 +S* 22 = q 



6n 



{a}{aq} 



{q}{q 2 }{q 3 }{q 4 } 



a 2 q 5 (l - (g 2 + 1 + <T V"~ 4 + fa 2 + <T V"" 6 ) 



-(q + q-')(l -(q 4 + l + q^ + (q 2 + q- 2 )q 6n ) + (l - (q 2 + 1 + q- 2 )q^ + (q 2 + q- 2 )q 6n+6 ) 

Note that at n = 1 this expression (and that of the previous subsection) turns into 

a — a -1 1 



P m 1] 
Mi] 



9 - T 



f£ [2,11 W?)- 



a 

„2 



'[1] 



5 [2] 



PI v ~'^ {q - q- r ){q 2 - q- 2 ) ^ 

i.e. proportional to the unknot polynomials s* R in accordance with the initial condition (1). 



(32) 



(33) 



2.5 Non-toric knots 

A similar construction persists equally well for non-toric knots. For instance, the series of knots which starts 
from 5 2 have the HOMFLY polynomials 



pW(a|«) = c [ V 2 %] + C [21] S [ 21] + C [11 V"*[m] 



where 



c [3] = 



c [21] = _ 



g 8 - g 6 + g 4 - q 2 + 1 



C [ ln l = g 6 



(34) 



(35) 



and n is multiple of 3, since 52 is described by a 3-strand braid. Therefore, the series is given by n = 3k and, 
with increasing k, one obtains more and more involved knots: 52 for k = 0, IO139 for A; = 1 etc. 
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3 Deformation to MacDonald characters. 



3.1 General construction 

The generalization of HOMFLY to the superpolynomials along the line of the generic construction described in 
the Introduction is quite immediate. That is, the general formula for the superpolynomial is of the form 

V l x' n] {A\q, t)~J2 c R t 2vQlm q' 2vQl ' m M* Q (36) 

where the coefficients now depend on not only on the number of strands m and the representation R, but 
also on p. These coefficients are explicitly described in section 6, here we only illustrate the calculations with a 
few examples and discuss their general structure in the fundamental representation case. 

The biggest loophole is the lack of the simple rule (13): this makes evaluation of for \Q\ > 4 a piece of art. 
There is also uncertainty in the choice of superpolynomials for the unknot in non-fundamental representations 
R^[\\ R \. 

3.2 MacDonald dimensions 

For manifest calculations one needs to know explicitly the quantities M^. These are: 

A- A- 1 



M* = p\ 



t-t- 



, (A — A~ 1 )(Aq — A~Hf 



M* = 



(t-t-i)(qt-q-H-i) 



(A - A~ 1 )(At~ 1 - A~H) 



Mo 



M* 21 



'in 



(A - A~ 1 )(Aq - A~ 1 q~ 1 )(Aq 2 



A-V 2 ) 



(t- 


-t-i)(qt- 


- q-H- l ){qH - q-H- 1 ) 


(A- 


-A-^Af 


- 1 - A-H){Aq- A-^q- 1 ) 




(t - 1- 


-^{qt 2 - q-H~ 2 ) 


_ (A- 


-A- l ){At- 


1 - A-H){At~ 2 - A~H 2 ) 



(t-t- 1 )^ 2 -*- 2 )^-*- 3 ) 



(38) 



, r = (A - Ar^jAq - A I V%4g 2 - Ar^jAf - A~ 1 g~ 3 ) 
4 (t - t-^iqt - q-H-^iqH - q-H^qH - g" 3 ^ 1 ) 

= {A- A-^jAt- 1 - A-H)(Ag - A-hr^jAg 2 - A^g- 2 ) 
31 (t - t-^Yiqt - q-H-^iqH 2 - q- 2 t~ 2 ) 



M 2 * 2 = 



(A - A-^jAt- 1 - ArH){Aq - A~ 1 g~ 1 )(Aqt~ 1 - A^q~H) 
(t - t-!)(t 2 - t- 2 )(qt 2 - q-H- 2 )(qt - g-Hr 1 ) 

(A — A-^iAt- 1 - A-H){At- 2 - A-H 2 )(Aq - A~ V 1 ) 



M* — 

211 (i - i-!) 2 (t 2 - t- 2 )(qt3 - q-H- 3 ) 

(A A- l )(At-i - A-H)(At- 2 A-H 2 )(At-* A~H 3 ) 
1111 {t - 1- 1 )^ 2 - t~ 2 ){t 3 - t- 3 )(t* - 1-*) { ' 

and so on. 

To understand the structure of these formulas one should keep in mind the simple picture: 
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Figure 1: The figure which illustrates the notation in the generalization of the standard hook formula to the 
MacDonald dimensions (41). 



M* R (a\q\t) 



t = q S 
s* R {a\q) 

5 = 1 \ 



\ q = l,t = qt 
J* R (a\p) 



D R (N) 



MacDonald dimensions are double deformations of ordinary dimensions of SL(N) representations Dr(N) 
in two directions: to q ^ 1 and to ^ 1. Instead of (3 in MacDonald polynomials one often uses t = q 13 , 
but in the limit q — > I also t 4 1, but parameter f3 survives. In all the deformations one substitutes N by 
A = t N = q@ N , and all dimensions are actually the values of the corresponding characters at the special point 
(8). In the classical case q = 1 this corresponds simply to putting p k — N. 

The dimension Dr(N) — sn(pk — N) is expressed through the Schur functions (ordinary SL(oo) characters) 
and is always a product of iV-lincar factors. Deformed are actually the individual factors. Especially simple 
is the reconstruction of the ordinary quantum dimensions s* R (a\q) from Dr(N): each factor is substituted by 

N _ —N 

its quantum counterpart, N —> [N} q = q q _g-i , 2 — > [2] q , 3 — > [3] q . The only tricky point is the deformation 
of non-prime integers: 4 can become either [4] or [2] 2 , and this is the only representation-dependent ingredient 
in the reconstruction of ordinary quantum dimensions. With j3 deformation things are somewhat trickier. The 
rule is that while negative shifts of N are not deformed, N — k — >• N — k (or, rather, N — k — >• (3N — 0k), the 
positive shifts are: N + k — >• f3N + k. 

To the generic MacDonald dimensions, one can use the nice formula (see, e.g., [10]): 



Ml 



13-1 

n n 

fe=0 l<i<j<N 



qR{i]-R[j]f.j-iqm _ R\j]-R[i]f.i-j - 
p-iqm _ t i-j q -m 



(40) 



valid for integer values of (3 and N. As usual, the result can be easily continued to arbitrary (3 and A — t N . 
Even more useful is the general expression for M R that generalizes the hook formula for Dr(N) (see Fig.l): 



(41) 



where k = Rj — i — 1 and — j — 1 . 

These formulae can be further continued to elliptic (Askey- Wilson) deformations (and further to the Kcrov 
polynomials), but this is beyond the scope of the present paper. 
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3.3 Prom HOMFLY to the superpolynomial: an example 

The simplest superpolynomial is (n is odd here) 

P£ P ' Bl (a|q|t) ~ (aq(l q^) 1(1 - ^+ 2 ) 



i.e. looks the same as (24), but with 



aq 



for Pj 2 '"l 



q = q\/— t, a = (— t)a 



(42) 



(43) 



Such a simple substitution rule does not work for most of other knots and other representations, but in this 
case it does! 

At the same time, the first formula in (24) is naturally deformed into 



P^ 2 '" 1 (A\q\t) ~ q~ n M* 2 - jq n M* u ~ \ At ( 1 + '' ' 



2n 



t 2 (l-qt) t 2 



1 / t 2 (q-t) , 2n o 

— 1 + — - )f t 

At V 1-qt ,H 



with some yet unknown q and 7. 

Comparing (44) with (42) at arbitrary values of n we conclude that they coincide if 



q = q, 



A = 



at 



(44) 



(45) 



and 



~4 4,2 ,2 2 

g = q t =tq 



^ = , 2 (l-t 4 ) 2 



t 2 (l-q 2 i 2 ) 2 

Relation (46) is consistent with the identification suggested in [20, 10] 



q = t, t = -q/t, 
Thus, we obtain the following expression for the superpolynomial 



A <S> a7=t 



P^' n] (A\q\t) = <T" (m; (qtr f_ t. ^ Mt, 



or, more explicitly, 



P^' n] (A\q\t) 



(46) 



(47) 



(48) 



(49) 



(50) 



After substitution of (48) this turns into the superpolynomial per se, with all expansion coefficients positive 
integers, which is, of course, not obvious neither from (50), nor, in fact, from (42). More precisely, 



-A 2 q 



2 2 1 - {qt)^ 1 1 - (qt)^ 1 (48) 2 2+3 1 " (q 4 t 2 )~ , 1 - (q 4 t 2 ) 



l-(qt) 2 + l-(qt) 



1 - q 4 t 2 



+ 



1 - q 4 t 2 



(51) 



and for n = 2k + 1, i.e. for links, consisting of a single knot, all the coefficients in the expansion of the r.h.s. 
are obviously positive integers: 



[a ™ t) 3qt 1 _ q 4 t 2 + 1 _ „4 + 2 



1 -q 4 t 



(52) 
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3.4 The rules for 7 evaluation 

What is important for other cases, where there are no known answers for the superpolynomials to compare 
with, (50) gets drastically simplified at n — 1 due to the initial condition (1): in this case the knot is equivalent 
to the unknot (we take into account the different normalizations of the polynomials for the unknot and for the 
T[2,2/c + l]-series): 

This allows one to define 7 not from (47), but directly from (49) as 



M 2 * - 7 (< Z i)M 1 * 1 A _ Y t 2 -r 



M* 1 qt-(qt)- 



(54) 



In variance with (47), this rule defines 7 entirely in terms of the MacDonald dimensions M^, without any 
reference to a priori knowledge about the superpolynomials. This makes the MacDonald construction completely 
self-relied, and allows one to construct superpolynomials in the situations where they are not yet known. As 
already mentioned, arising expressions do not explicitly possess the positivity property of the superpolynomials, 
it should be proved separately. However, for every concrete knot one easily checks this is really the case. 

In fact, starting from the initial condition and requiring polynomiality of the whole series, one can immedi- 
ately construct any series of toric knots T[m, k + p]. We list many examples of such series in s.5. Here we would 
like to discuss their general structure. 

First of all, let us note that for the braid with m strands the coefficient cr m i = 1 (since in the Abelian case, 
A = t the superpolynomial reduces to the pure framing, and all Mjij but M* m ^ are equal to zero at A = t, see 
(41)). This is the only term which survives when n — »■ 00 provided \q\ < 1, \t\ < 1: 

M* 

Jm-\)nT)[m,n] n^oo [to] , , 

q Mi] " M*] (bb) 

One immediately recognizes in this expression formula (118) from [7] and (A2) from [20]. 

Second, in the case of fundamental representation one can construct the generic formula for knot T[m, m+1]: 



p T[ m ,k m+ i] = J- cl ] M* Q q- 2 ^ km+1 h 2 ^ km+ ^ (56) 

\Q\=m 



the coefficients in this case are given by a product of two factors 

c [i] ~ [1] '[1] 10 'J 

the first of them being defined from the system of linear equations (cf. the HOMFLY case, when only this first 
factor is present) 

Pm= ]T cf^Mgipk), (58) 
\Q\=m 

while the second factor is manifestly given by the formula 



(59) 



7 Q = g m 1 \^ t 2(t-l) q 2Q 1 -2Q i +2j-2 

with the proper power cxq. The first 7^ are: 

7 [21 = T ^ Z 5 = 1, 7 [Ml -^4 (60) 
1 + q 2 1 + q 2 

[3] \_W±H_ = f2 ,n_ i + g 2 + g 2 t* ri.i.il _ i + t 2 + tH* 

7 l + q 2 +q 2 q 2 ' 7 l + q 2 + q 2 q 2 ' 7 1 + q 2 + q 2 q 2 { ' 
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[4] = 1 + q 2 + q 2 q 2 + q 2 q 2 q 2 = [3J] = 1 + q 2 + q 2 q 2 + g 2 g 2 t 2 [2 2] = (f 2 + l) g 

7 1 + g 2 + q 2 q 2 + q 2 q 2 q 2 ' 7 1 + q 2 + q 2 q 2 + q 2 q 2 q 2 ' 7 (g 4 + 1) 1 ' 

f2,i,n = i + g 2 + g 2 t 2 + gW Mig.n = Hi'+tf+W (63) 

1 + q 2 + q 2 q 2 + q 2 q 2 q 2 ' 1 + g 2 + q 2 q 2 + q 2 q 2 q 2 

Similar rules can be easily written down for other series of the toric knots. 

3.5 Non- fundamental representations. The problem of unknot 

The split VF-evolution, considered in this paper, describes knot invariants in terms of vectors in the linear space 
of MacDonald polynomials M R {p} 7 which is, at the end of the day, projected onto the smaller subspace of 
MacDonald dimensions M R . In this paper we consider the discrete-time "evolution", describing attachment of 
any number of "toric braids" to any original braid. Of course, other types of attachments can be considered in 
a similar way, but in this paper we concentrate on this one. Such an evolution is defined by the MacDonald 
counterpart (splitting or "refinement") of the cut-and-join operator W[ 2 ] and is universal: it depends on the 
choice of [m, n] and on the representation in a simply controllable way. However, the result of evolution depends 
on the starting point: on "the initial condition". Already in the simplest case of the series T[m,mk + 1] this 
initial condition at k = is given by the unknot, and all the results for all other knots and links depend on the 
choice of this initial condition, i.e. on the formula for Unknot R . The naive choice of the MacDonald dimension 
for the role of this quantity, 

Unknot R = M* R (64) 

which naively generalizes the standard choice of the usual quantum dimensions for the HOMFLY unknot, is 
indisputably correct for all the fundamental (totally antisymmetric) representations R = [l' fl ']. However, it is 
far less obvious for other representations R. The problem is that there is no a priori definition, and there are 
different opinions on what to insist on. Since this is not a focus of the present paper, which is devoted to the 
very idea of representation in the space of MacDonald polynomial and to consideration of discrete evolutions 
in this space, we do not go into any detail of the unknot problem here. For illustrative purposes, we describe 
the simplest example of what the split H^-evolution gives in the case of the simplest symmetric representation 
R = [2] for toric knot T[2, 2k + 1], assuming the naive choice (64) for the unknot: 

P & 2k+1] = C !>^ 4] <r 6(2fe+1) + ^)4fMf 3il] q-* 2k+1 h 2k+1 + (| )\f^M^ 2] q- 2 ^ 2k+1 h 2 ^ (65) 

where the coefficients 

M_ x c [3.1]_ (l-t 2 )(l + q 2 )(l+t 2 q 2 ) [a , 2] _ (l-Q(l + tV) 

This result coincides with that of [10], where the choice (64) is also implicitly made. An alternative choice for 
the unknot is discussed in [8, 20]. The point there is that, for R ^ [l' fl '], the MacDonald dimensions M R are not 
polynomials in q and t, even if one substitutes A — t N with integer N. One can guess (and check) that this has 
unpleasant implication for the toric links: the split FF-evolution, starting from initial condition (64) gives rise 
to non-polynomial expressions for the links. A simple way out is to change (64) for some linear combinations, 

Unknot R = J2 V RsM* s (67) 

S\-\R\ 

which are polynomials after the substitution A = t N . 
Only two examples are explicitly given in [8, 20] 

Unknot, ~ M| + f-^M* iq 2 t 2 = t _ 2) (W 2 + ^ ^ l) (68) 



and 



Unknots ~ + £ ^^ M* lu q 2 * = ^'^^ _ A 2 + f - q 2 t± l) (69) 
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The main part of the coefficients in the matrix Vrs here comes from the linear transformation between the 
Schur and MacDonald functions [20]: 



S2 




(70) 



/ *3 > * 




S21 


H 


V Sill J 






(t 2_ g 2 )(1+g 2 ) (t 2_ q 2 )[ti _ e) 
1-qH 2 (l~q 2 t 2 )(l-qH 2 ) 

i (t2 7lf t i t2) ! ! ^ I t 71 » 
o \ 

The split W^-evolution preserves this "weak-polynomiality" condition and cures the problem for the links. It, 
however, changes the answers for knots as well. We plan to address this whole issue elsewhere. Here we 
only illustrate that the split W^-evolution works for arbitrary representations, but we do not insist that these 
illustrative examples arc the correct superpolynomials: this depends not only on the evolution, but also on the 
choice of Unknot^ as the initial condition. 

It deserves noting that this situation, that after the /3-deformation the "correct" unknots arc different from 
the "nice" (fully factorized) ones M' R , has another well-known counterpart in the theory of AGT relations. 
Namely, for /3 ^ 1 the "correct" objects, which in this case are the Selberg averages (correlators) of MacDonald 
polynomials, which enter the Hubbard-Stratonovich duality relations, are non-factrorizable, while the "nice" 
factorized quantities, Nekrasov functions are related to them by a non-trivial linear transformation. Of course, 
this is not just an analogy: the both theories (knot invariants and AGT relations) are directly connected in the 
framework of the so-called "3d AGT relations" [12, 13], but details should still be worked out, with an obvious 
profit for both these fields. 

3.6 Unknots from modular matrices [10] 

Let us explain what is the unknot superpolynomial in accordance with [10]. There was developed a formalism 
of the Hilbert spaces for computations of the superpolynomials. In this framework the Hilbcrt space of the 
beta-deformed (refined) Chern-Simons theory coincides with the set of representations of SUk(N) at some level 
k. This is the finite dimensional space labeled by all Young diagrams Y lying inside the k x (N — 1) box, and 
corresponding wave functions (states) are the MacDonald functions M Y with the parameters 

q = cx v(kfk)> t = ^(vvk) (72) 

The superpolynomials can be computed exactly as in the case of the pure Chern-Simons theory as the vev of 
the Wilson loop in S 3 . It is convenient to represent the sphere S 3 as union of two tori with identification of the 
cycles (0, 1) and (1, 0). Then the answer for the superpolynomial is given by 

where V R is the operator creating the Wilson loop in the representation R that wounds cycle (1,0), explicitly 
defined on the set of the wave functions as multiplication on Mr: 

M R M Q = J2Vp,qMp (74) 
p 

The operator K = S %1 TS %2 ... deforms the cycle to the nontrivial torus knot T[m,n] (1,0) — > (m,n), the 
operators S : (1,0) — > (0, 1), identifies two vacua at different tori in such a way that the resulting space is S 3 . 
All we need is the explicit expressions for S and T found in [10]: 

M R (t^)M Q (t^) q 2\\R\\ t N\R\ 

b *>Q ~ b U] g 2|fl||Q|/AT ' lR >Q ~ t \\R>\\ q 2\R\ 2 /N d Q>R ^ 7b > 

where \ \R\\ = J2i R-i an d <%[] is some constant. For example, for the unknot K = S and one obtains 

<0|A|0> S [h[] b M 
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i.e. the vcv of the unknot is given by the refined quantum dimension 

pUnknot = m * r (y 7 j 

Using this formulas we have computed the superpolynomials for the torus knots for several first levels in k, N, 
and R and found that the results are in full agreement with ours. 



3.7 Link polynomials 

A subtle point of our story concerns the links. Toric links do not seem too much different from the toric knots, 
and the only thing to change in our construction is the initial condition. Links contain several disconnected 
(but intertwined) components, and link invariants depend on several independent representations. Thus, the 
initial condition involves a product of characters and, thus, non-trivial (but easily calculable) Littlewood- 
Richardson coefficients. The problem, however, is that what one gets in this way is not a superpolynomial: the 
result of the cut-and-join evolution is not a polynomial in q, t- variables. In fact, this problem is well known: 
already the HOMFLY polynomials for links are not really polynomials if A and t are considered as independent 
variables, as in the case of knots. They become polynomials in q only after the substitution A = t N , i.e. the 
polynomiality property is much weaker for links than it is for knots. Moreover, even this weaker property survives 
/3-deformation only for the fundamental representations R = [l'^']. If some R are different, say R = [2], then 
the result of the evolution, which starts from the MacDonald dimensions is not a polynomial in q, t, even if one 
substitutes A = t N . The problem is, in fact, inherited from the level of unknots: the MacDonald dimensions Mjj 
for R ^ are not polynomials, even if A = t N . In [8] and further in [20] a radical way out was suggested: 1 

to take unknot a ^ for R = and substitute it by an expression which does become a polynomial for 

A = t N . If our cut-and-join evolution starts from such initial condition, it provides answers for links which are 
polynomial in the same sense and coincide with those in [8, 20] up to a linear transformation. The coefficients 
of these polynomials, however, are not always positive, as one would demand for the true superpolynomials (see 
[20] for discussion and suggestions about this problem). 

Let us stress again that this problem has nothing to do with the fundamental representation where, for 
instance, the superpolynomial for link [m, km] takes the form 



p[m,km] = cf 1] MZ } q- 2 »W k t 2 "W k (78) 

\Q\=m 

with the coefficients cj^ being determined as unique solutions to the system of linear equations 



m$=pi = E c S m qW ( 79 ) 

|Q|=m 



They are given explicitly by 



y ' (i,j)eQ q q 



where Mq^Si^i) is the value of the MacDonald polynomial at the point pk — <5fc,i - 



3.8 Non-toric knots 

Another interesting set of problems concerns non-toric links. Our cut-and-join evolution actually describes, 
what happens when we glue toric braids TZ m to any "initial" braid B m . This is true, at least, in the HOMFLY 
case, when the quantum i?-matrix is well defined and well known; however, as we demonstrate in this paper, 
it looks like everything works if one assumes that the same remains true after the /3-dcformation. This means 
that if one knows the superpolynomial 

Tv mm B m = Y,^ Q M* Q , (81) 

Q 

then one also knows 

Tv mm B m (n m ) n = J2 b Q ^ n Q M* Q (82) 
Q 

1 Note that the recent suggestion in [10] corresponds to the choice unknot^ = -Mjj, not to the choice of [8, 20]. 
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i.e., starting from a known HOMFLY or superpolynomial for some knot, one can reconstruct the same polyno- 
mials for the entire series obtained by the cut-and-join evolution. It turns out that sometimes this idea works, 
but sometimes it fails, at least, partly. For example, the evolution of the 3-strand braids converts the super- 
polynomial for the figure-eight knot 4i into polynomials, but with some coefficients negative. At the same time, 
for the next simple 3-strand knot 62 it produces polynomials with all coefficients positive, which have chances 
to be superpolynomials for some other knots. The first term of this evolution series is HOMFLY equivalent to 
IO139, but no superpolynomial is known for it to compare. 

Speaking in more explicit terms, the HOMFLY series that includes 62 and IO139 was constructed in (34), 
while the corresponding scries of the superpolynomials is 



[1] 



11] 



M3V 



-2n 



(83) 



with the coefficients: 



J3] 

1i] 



j 2 ,l] _ g (-1 + t)(t + 1) (qH e - t 4 q 2 + g 5 * 3 + q 3 t 3 - qH 2 + qH + l) 



11] 



t(-l + q 2 t) {qH+l) 



(84) 



2+2 



„[i,i,i] _ g 6 (i + * 2 ) (t + t 2 + i) {e-t + i) {-i + ty(t + i) 2 t 



11] 



(-l + tq)(-l + t 2 q) (t 2 q + l)(tq+l) 



First two superpolynomials in the series are: 



p m = ( _ q6 Ai + {qH2 qh + q4) A2 + q5t3 ~ qH2 + *"*) 



pl0l39 

MH 



{^4} 



— ((-t 4 r? n + q 14 t 9 + t 5 q 12 + t 5 q 10 + qH + t 3 q s + 1 7 q 12 + t 3 q 10 )A 4 + (-2 qH 3 -t 3 q A - qH -t 3 q s 



(85) 



(86) 



t{t}A 2 q 
2t 5 q 10 -q 14 t n +t 6 q n 

t + qH 5 + qH 7 + t 5 q s - t e q 9 + qH 7 + q 10 t 7 + t 9 q 10 + t 9 q s + q^t 11 + t 13 q 12 + t 3 q 2 + t 3 q A + tHl 4 + q 14 t 15 + g 12 t n ) 



2 t 9 q 12 - t 9 q W - 2 t 5 q 8 - 2 q w t 7 - t 13 q 14 - t 7 q 12 - qH 5 - qH + t 4 q 9 - q 12 t n - qH 7 )A 2 + 



Note that, in variance with the toric knots, the result depends on odd powers of q and the superpolynomial 
in terms of (A,q,t) has not only positive coefficients. The situation is improved by transition to the variables 
(A,q,t): 



p5 2 _ 

Mi] - 



(-i + q^Wq, W + (qV + t V + q"t V + t V + qV + t »q<) 



(87) 



pl0l39 = 1 + 

W (-l + q 2 )a 3 t 27 / 2 q 3 

( q 23 t 13 j_ „H + 9 



(q"t J 



q 7 t 8 + t 16 q 23 



.15 + 12 ..hi, : I 1 , 1 1 .-, „n. + 10 , . q 13j.l2) a 4 



q 15 t 12 + q 19 t 14 + t 13 q 15 + q ll t l 



q xx t » + t 15 q 27 



2 q 21 t 13 + q xl t 7 + q 15 t 9 + t 12 q 17 + 2 t xl q 17 + 2 q 13 t 9 + t 15 q 25 + 2 t^q 15 + 

t ll q 19 + q 5 t 5 + 2 q 9 t 7 + q 19 t 13 + t 10 q 13 + q 3 t 3 + t 5 q 7 )a 2 + q + q 17 t 8 + t 6 q ll + t 6 q 13 + q 15 t 9 + t 10 q 17 + 
q 25 t 12 + t 12 q 23 + t 14 q 29 + q 5 t 2 + t 4 q 9 + q 13 t 8 + q 7 t 4 + t 10 q 21 + q 19 t 10 + q 15 t 8^ 



The coefficients here are all positive. 

One can repeat the same procedure for the figure eight knot and construct a series 



p4i,n _ [3] M * -2n , [2,1] M * =§= , Jl.1,1] M * 

Ml] ~ C \1] M \2}1 + c [ll M [2,l,ll9 1 3 + c \l] M [l,l,l,ll t 



'[Ij^p] 1 - 



11] 



[2,1,1] ■ 



11] 



(88) 



with the coefficients: 

c [3] - 
C [i] _ 



tq c [ ^ 1] 



(t -!)(! + t)(t 6 q e - t 5 q 5 - t 4 q 2 - t 3 q 3 - qH 2 - tq + 1) 

(-l + q 2 t)(l + q 2 t)t 2 
[1,1,1] = g 3 (l + t 2 )(t 2 +t + l)(t 2 -t+ l)(t - 1) 2 (1 + t) 2 
™ " t(-l + t 2 q)(l + t 2 q)(-l + tq)(l + tq) 



(89) 
(90) 
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In this case, however, even using the variables (A, q, t) does not make the polynomial positive: 



Pt\ >° = (q 2 A 4 - q 2 t 2 A 2 + tqA 2 - A 2 + t 2 ) = - (q 2 t 4 a 4 + ta 2 + q 2 t 2 a 2 + q 4 t 3 a 2 + q 2 

p w ' 3 = itu 2 ^ 5 ~ t2q " A2 ~ t3qAA2 ~ tq2y{2 ~ q3A2 + t2q3 + t3q2 + f5qA + 1 ) (91) 



{t}A 2 q 5 

W 
{q 2 }a 2 t 6 q 6 



(t 7 q 4 a 4 + q 6 t 6 a 2 - q 6 t 5 a 2 + q 2 t 4 a 2 - q 2 t 3 a 2 - t 4 q 8 + t 3 q 4 - q 4 t 2 - l) 



4 Reductions of superpolynomials 

The superpolynomial depends on three parameters, therefore, there are a lot of various reductions to simpler 
polynomials. For instance, the HOMFLY polynomial is obtained by putting t = q or, which is the same, t = — 1. 
The HOMFLY polynomial can be further reduced to the Jones polynomial (t = q, A = q 2 or t = —1, a = q 2 ), 
Alexander polynomial (t = q, A = 1 or t = —1, a = 1) or special polynomial (q = t = 1 or t = q = —1). At 
last, there is yet another important reduction of the superpolynomial, the Heegard-Floer polynomial, which is 
described below. 

4.1 Alexander polynomial 

The choice of t = q and A = 1 corresponds to N — and is known as the Alexander polynomial 

A R (q)=H R (a = l\q) (92) 

This object is interesting, because it also appears in many other branches of theory and this can be used for 
the study of dualities between Chern-Simons theory and other theories. In this paper we exploit in the next 
subsection one of such links: between the toric knots and the singularity theory of Riemann surfaces, relating 
T[m,n] link and the complex curve x m = y n , which allows one to construct explicitly the Heegard-Floer 
polynomial in the fundamental representation, which is a certain reduction of the superpolynomial at a = 1/t, 
directly from the Alexander polynomial. This is important, because the Alexander polynomial can be directly 
read from (31) in the general form for arbitrary T[m, n]. Indeed, at A = 1 the ratio 



mii f[n»-j,U] _rn , s „ [n- j] q [n-l] q ...[n-l] q [n+l] q ...[n + m- j -l] q _ ( vj [1] 

so that 



A=i a * liq n=o [j] q \[m - j - l] q \[m] q y >[m] q v ' 



: n, _ jlk V^' - W« 1 - q2mn (l-g 2 )(l-g 2m ") 
^1 — r™l 1 _ r™l 1 „2n _ i 1 „2m\h „2n\ 

0=0 



Hi t? n [m] q l-q 2n (l- g 2 ™)(l- g 2 «) 



4.2 Heegard-Floer polynomials 

In order to construct the Heegard-Floer polynomials, one has first to omit all pairs of monomials of the super- 
polynomial, differing by a factor a 2 t 3 and obtain the reduced superpolynomial (more accurately this is done 
by calculating homologies of the operator d with grading (—2,0,3) w.r.t. (a, q, t) [7]). The Heegard-Floer 
polynomial is then obtained from the reduced superpolynomial by putting a = 1/t, i.e. N = 0, practically in 
the same way as the Alexander polynomial is obtained from the HOMFLY polynomial: 

F fl (q|t)=P^(a = t- 1 |q|t) (95) 

What is important, at least, for the fundamental representation and for the algebraic knots (for the toric knots 
T[m,n} in particular) a way is known [17] to construct Fr from the Alexander polynomial, and, thus, from 
the HOMFLY polynomial. The method is based on relation to the singularity theory of degenerate Riemann 
surfaces. 

Take the Alexander polynomial A R (q) = H R (a = l,q). Then define the Poincare polynomial 

M^=f>- (96) 
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with c»+i > Ci being an infinite series. 2 Then, define the reduced Poincare polynomial 

CO 

(l-Q 2 T 2 )^Q 2c *T 24 (97) 

i=0 

This is already a finite-order polynomial. Next convert all entries with the positive and negative coefficients in 
the following way: 

o: Q 2a T 2b — ► qT 2a t- 2h , -Q 2a T 2b ^ q-^t 1 - 2 " (98) 

By definition we obtain a polynomial with all coefficients positive (divided by some power of q and t). This 
polynomial coincides with (95). 

Thus, one has a possibility of checking the superpolynomial by reducing it to the Heegard-Floer polynomial, 
calculating this latter independently via the reduced Poincare polynomial and then comparing the results. 

Examples: 

Fundamental representation for the trefoil. 

P| 2 ' 31 = a 2 q 2 t 3 + 1 + q 4 t 2 (99) 
The reduced superpolynomial in this case is just the same. Thus, 

F [2M = 1 + q 2 t + q 4 t 2 (100) 

On the other hand, 

fff ' 3] = -a 2 q 2 + 1 + q 4 (101) 

and 

4 2 ' 31 = 1 - q 2 + q 4 (102) 
Next steps convert the Alexander polynomial into 



1 + 777^2 > ^-Q 2 T 2 )(l + I ^ f ,)=l-Q 2 T 2 + Q^T 2 



!+ q^ + q^~ q4t2+q2t + 1 = ^ 2 ' 31 



Fundamental representation for T[3, 4]. 

P[ 3A] = a 4 q 6 t 8 + a 2 (q 10 t 7 + qV + q¥+q¥ + q 2 t 3 ) + (q 12 t 6 + q¥ + q 6 t 4 + q¥ + l) (104) 
Underlined are the terms eliminated by reduction. Therefore, 

pred = a 2 ^ q 10 t 7 + q 2^ + ^6 + ^4 + ^ (1Q5) 

and 

if' 4 ] = q 12 t 6 + q 10 t 5 + q 6 t 4 + q 2 t + 1 (106) 
On the other hand, from the same pj 3 ' 4 ' one obtains 

H [3A] = a 4 q e - a 2 (q W + q 8 + q 6 + q 4 + q 2 ) + (q 12 + q 8 + q 6 + q 4 + 1), 
4 M1 =q 12 -q 10 + q (i -q 2 + l = q (i (q (i -q 4 + l- q - 4 + q- (i ) — ► 1 + q & + q 8 + - 



1-q 2 

— > (l-Q 2 T 2 )(l + Q e T 2 + Q 8 T 4 ) + Q 12 T (i = l-Q 2 T 2 +Q 6 T 2 -Q W T 6 + Q 12 T 6 — > 

~~ *■ 1 + qH + + q^ + q^tB = q^¥^ ' 

The underlined term in the last transition demonstrates the need to invert the powers of q and t (the set of all 
other terms is left intact by this inversion). 

2 This sequence can be alternatively described in pure combinatorics terms. For mutually prime m, n consider the set of all 
integers am + bn with non-negative integers a, b and make out of it an ordered sequence {eg, ci, C2, . . .} with c; = Ojm + bin, such 
that Cj+i > Ci. If two combinations coincide, am + bn = a'm + n' , then it is counted only once. 
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4.3 Special polynomial and Catalan numbers 

The limit of q = 1 is singular from the point of view of the Chern-Simons theory. It is actually the genus zero 
limit, with N — > oo, h — > 0, t/Hooft coupling Nh = log a fixed. As usual in this limit much is simplified, and 
some non-trivial properties get revealed. We call this limit of the HOMFLY polynomial the "special" polynomial 

S R (a) = H R (a\q = 1) (108) 

One of its remarkable properties, at least, for the toric knots, is a very simple dependence on the representation 
variable R: 

S R (a) = (Si(a))l fl l (109) 

Among other things this immediately implies integrability of the knot theory in the genus zero limit: S R (a) 
satisfy the Pliicker relations [22]. Like the Alexander polynomial, Si can be written down explicitly for the 
arbitrary T[m,n]: 



m— 1 



s [ r n] (a) = V(-i) fe — „ ( r +7 I ^,/ )! , n, « 2fc (HO) 

i v / /_^\ i _ _ fc (m, — k — 1t (n — k — 1l v ' 



k=0 



to ■ n ■ fc! (to — k — 1)! (n — k — 1)! 



For example, 



S [ ^ 2k+1] (a) = -a 2 k+(k + l), 
S r k+1 \a) = fc(3fc 2 - 1} a 4 - fc(3fc + 2)a 2 + ( " + l) f + 2) (111) 

^ 3fe+21 (a) = fc(3fc 2 +1) a 4 - (fc + l)(3fc + l)a 2 + (fc + 1) f + 4) 

The coefficients in this expression have a remarkable dual interpretation: they count paths of some special types 
on rectangular 2d lattice. In particular, for n — to + 1 the free coefficient is the Catalan number: 

s [rn,m+l] (fl = Q) = jyjm.m+l] ( a = |g = 1) = Cat m = ,{ 2m)! - (112) 

m'.ym + 1)! 

This duality implies that in general the superpolynomial Pi(a\q\t) should be a polynomial of a with coefficients, 
given by (q, i)-weighted sums over the same paths (sometime called (q, £)-Catalan numbers). The explicit 
statement is known at least for the n = to + 1 case [21], we used it for testing our general formulas for the toric 
knot supcrpolynomials. 

4.4 From Catalan numbers to superpolynomials 

Now we describe how to extend the dual language of sums over paths to the superpolynomial case. First of all, 
note that the HOMFLY polynomial for the torus knot T m , n with coprime to and n can be written as 



r . t ill 

^m%) = E (-l)V m - 1)( "- 1} r 1 f 1 t ,Z , \i ,r , n I "'" (H3) 
W ^ [m] q [n] q [k] q \[m-k-l] q \[n-k-l) q \ 



i.e. at q = 1 this formula, indeed, gives (110). This formula is looking as simple as (31), however, these two 
are related via a non-trivial resummation. Now we are going to present this formula as a sum over paths in the 
general case of superpolynomial. 

To this end, we define the (m 7 n)-Dyck path as a lattice path from (0,0) to (m, n) (i.e. the line from (0,0) 
to (m,n)) which consists of the steps E = (1,0) and N — (0, 1) which never go below the diagonal. This path 
can be presented as a word that consists of E and N, with to instances of E and n instances of N. 

The external corner is an occurrence of EN in the word defining the path. 

The k-marked (m,n)-Dyck path is an (to, n)-Dyck path with fc external corners marked (this path should 
have at least fc external corners). 

Then the number ^ of the fc-marked (to, n)-Dyck paths for coprime m and n is equal to 

D k = (m + n-k-iy. 

m ' n m-n-k\(m-k-l)\(n-k-iy. { ' 
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Figure 2: A 1-marked (5,3)-Dyck path with 2 external corners, word NENEENEE 

Note that 

^m,m = D mm+ i (115) 

For the fc-marked (n, n)-Dyck path ir insert the diagonal steps instead of the marked corners, i.e. substitute the 
marked occurrences of EN with D, where D is the (1, 1) step. We denote the area above ir as S(n). 

Define the bounce path as the path of a ball starting from (n,n) to the west, turning south if hitting TV 
steps, sliding along the diagonal steps while going westward and turning east when reaching the diagonal. Let 
(&X> bi), . . . , (bi, bi) be the points where the bounce path intersects the diagonal (Fig. 3). Define also b(ir) as 

l 

&(tt)=5> (116) 

i=l 




Figure 3: A 2-marked (7,7)-Dyck path (red) with the marked corners replaced with the diagonal steps and its 
bounce path (grey) 

£>m, m (q> t) = J2 q 2SW+2bW+k t 2S «+ 2k (117) 

where the sum is taken over all fc-marked (n, n)-Dyck paths. Now one can formulate a conjecture for the 
superpolynomial for torus knot T[m, m + 1]: 

^7- m+1I (a,q,t) = X> 2k E> k , n (q,t) (118) 

k=0 

Now the key point is what are the quantities bi. Defining them following [21], one can reproduce the cases 
m = 2 and m = 3. Using our definition above, one can reproduce the superpolynomial T''^''''^ 1 ' (a, q, t) which 
at t = —1 coincides with the HOMFLY polynomial and gives rise to the correct Heegard-Floer homology. 
Unfortunately, this technique gives wrong superpolynomials starting from m = 5. Nevertheless, the proper 
superpolynomials (coinciding with our results obtained in this paper) can be still obtained with some tweaking 
for to = 5, 6. 
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5 Conclusion 



To conclude, we formulated a very simple and practical prescription for recursive evaluation of the superpoly- 
nomial P^(a|q|t) for all toric links T[m,n] (they are single knots when m and n are mutually prime) and 
sometimes even non-toric. That is, we introduce the split VF-evolution which describes knot invariants in terms 
of vectors in the linear space of MacDonald polynomials M R {p}, which is, at the end of the day, projected onto 
the smaller subspace of MacDonald dimensions M R . The prescription is a straightforward modification of the 
known generic expression (14) for the HOMFLY polynomials, which is an example of the VF-representation, and 
is absolutely explicit: see, for example, (31), where the r.h.s. contains only the quantum dimensions of SL(N) 
representations. The only difference in the superpolynomial case is that one should substitute the ordinary 
quantum dimensions by the explicitly known MacDonald dimension and deform the expansion coefficients in 
(14). The rule is that the HOMFLY polynomial 

K R {a\q) = ]T q- 2n "*> m C%s* Q (119) 

Qh\R\ 

is substituted by the superpolynomial 

P R (A\q\t) = q- 2nv ^'y m t 2v ^/ m c%M^ (120) 

Qh\R\ 

The new coefficients c^, which are rational functions of q and t, are recursively defined from the initial condition 
(1). These numbers depend on the residue p = n mod(m), i.e. on the choice of a particular series T[m, mk + n m ] 
of the toric knots. Finally, the conventional superpolynomials "P_R(a|q|t) of [7] are obtained by the change 
of variables (48), suggested earlier in [20, 10] which describe somewhat parallel, but far more sophisticated 
algorithms for constructing the superpolynomials. Unfortunately, we have not yet managed to raise the initial 
condition from the subspace (8) to the entire p^-space. Therefore, it is insufficient to determine all with 
|Q| > 4. The remaining coefficients are evaluated in a less algorithmic way: from the condition that the r.h.s. 
of (120) is indeed (proportional to) a polynomial. 

We listed some examples of the superpolynomials, some known, some new, see the table below. We also 
tested consistency with the construction of the Heegard-Floer polynomials which was recently suggested in [17] 
and with expressions for the T[m 1 m+ 1] knots (and the fundamental representation R = [1]) found in [21]. For 
non-fundamental representations R ^ [l' fl l] the final expressions depend on the choice of the superpolynomials 
for unknots which is still a subject of dispute in the literature. We address the issue in more detail elsewhere. 

A conceptual meaning of the entire construction, its relation to deformations of quantum i?-matrices (to 
dynamical i?-matrices of the Ruijsenaars model, underlying the theory of MacDonald functions), to integrability, 
to 2d and 3d AGT relations (including relation to the WZNW models already exploited in [10]), to matrix models 
and to their VF-representations a la [19] will be discussed elsewhere. 
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Tables of superpolynomials for toric knots 
6 Examples 

6.1 Case (2,n), series n = 2k fundamental representation 



pT[2,»] _ „[2] M * -n , [1,1] M * ,n 
r [l] - C [1] M [2]Q + c [l] M [l,l]t 



with the coefficients: 



c l2] - 1 
c [i] _ 4 ' 



[i,i] _ (l-g 2 )(l + t 2 ) 

C [l] 1 _ q 2 t 2 



(121) 



(122) 



[1] {t} 2 A\ ) (-l + q2) 2 a 2 tV / 



,T[2,2] _ {^}^ / .2 



( - * 2 + gV - q ^ + l) = - ( _ i a + 2 ;y a2t3 ( - Q a + <V + ^a 2 + l) 



{i} 2 ,4g 2 

w Jt}Mg 4 ' 

2 , iK ^ ( (q 6 * 5 + t3 <* 2 - t3 <i 4 ) a2 - q 6 * 2 + * V + 1 + q 4 * 2 - q 2 ) 



P,T, [2 ' 4] = ( {-q A t 2 - g 2 + q 2 t 2 ) A 2 - t 4 q 2 + t 4 q 4 + 1 + g 2 f 2 - i 2 ) = 



(123) 



(-1 + q 2 ) a 2 t 5 q 2 

P w 2 ' 61 = w ( _ qH ' 2 ~ qH ' ~ q2 + A2 ~ qH ° + qH6 + 1 _ * V + * V + qH2 ~ t2 ) = 



{t} 2 Aq e 
a 2 t + 1 

1 + q 2 ) 2 a 2 t 7 q 4 



( (-t 5 q 8 + q 6 t 5 + q 10 t 7 + t 3 q 2 - t 3 q 4 ) a 2 - t 4 q 10 + q 12 t 6 + 1 - q 6 t 2 + t 4 q 8 + q 4 t 2 - q 2 ) 



Our answer for theHopf link P [2 ' 21 is in full agreement with the known results, for example [8] and generalize it to m > 2. 
• HOMFLY case 



{q} 2 

[A] 



rrT[2,2] _ 

W {q} 2 Aq 

rrT[2A] {A} 

W {q} 2 Aq 3 



H, 



q 2 + q 4 + l- q 2 A 2 ) 

- q 6 + q 8 ~ q 6 A 2 + q 4 A 2 + q 4 - q 2 + 1 - g 2 .4 2 ) 



T[2,6] _ {A} / 12 _ „10 _ „10 A 2 



(124) 



[i] 



{q} 2 Ar 



(g 12 - g 10 - g ll, A 2 + g 8 A 2 + g 8 - g 6 - g 6 A 2 + g 4 A 2 + g 4 - g 2 - q 2 A 2 + l) 



{A} yT[2,21,\ 



rrT[2,2k] 

W {q} 2 Aq 2k - in W 
Alexander case 



4 T[2,0] 



= 2 



<' 2, =q 4 + l 

A™= q « + i 



(125) 



A 



T [2.6] _ 12 



[1] 
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6.2 Case (2,n), series n = 2k + 1 fundamental representation 



P^ n] =£}Mfa q -"+c^M? hl] t" 



[i] 



-[i] J 



with the coefficients: 



such that we obtain: 

p tp,i] _ M>* _ ( &2t + !) q 



"[1] 



[1,1] _ 1 — t 

"[1] - 1 _ q 2 t 2 V t 



(126) 



(127) 



W (-l + q 2 )a 2 t 2 

,T[2,3] M}* / 2,2 „2,2 



pj _ J" / 2 , 



2 A 2 + 1 = 



a 2 t + 1 



1 + q 2 )a 2 t 4 q 



q 4 t 2 + q 2 t 3 a 2 + l) 



P m 2 ' 5] = TtW ( - ^ + t4q4 + + = (-l + a q 2 |aW ( + * 3q2 ) ^ + * 4q8 + + X ) 



D T[2,7] _ {A}t 
[1] 



{t}Aq 



7 ({-q 4 t 2 - q 2 )A 2 +t 4 q 4 + q 2 t 2 + l) = 



(128) 



(-l + qVaW ( (ql ° t7 + q6t5 + t3q2) ^ + ql2t6 + * 4q8 + ^ + 1 

p m 2,91 = ( tV " * 6g8j42 + qh<i ~ qf>t4A2 + t4q4 ~ qH2A2 + qH2 ~ q2A2 = 

FiffeW ( (ql4 * 9 + ql °* 7 + q6t5 + tV) a2 + q16 * 8 + q12 * 6 + tV + qV + ') 



one can check that the normalized polynomial "P2,2fc+i here coincide exactly with one obtained in [7]. 

• HOMFLY case 
At the point t = g we have: 

several first answers are: 

ttT[2,1] _ {A} 
[1] " {q}A 



[i] 



?[2]9" 



5[1,1]9 



T[2,5] 



W MA 4 
{A} 



H T[2,7] 



{A} 

i 



( q *-cfA 2 + ( f- q 2 A 2 + l) 



{A} 



W { q }A q ^ q 



, g 14 A 2 + g 12 _ q 10 A 2 +g S_ q 6 A 2 + g 4 _ g 2 ^2 + ^ 



H, 



2,2fe+l _ {A} ay T[2,2fc + l] 



[1] 



{g} A q 2k W 



and the results coincides with well known HOMFLY polynomials. 
• Floer case 

F T[2,1] 



[1] 



1 



(129) 



(130) 



^ M =qV+tV + l 

F^ 2 ' 51 =tV+q 6 t 5 +q 4 t 2 +tV + l 

F^ 2 ' 7] = q 12 t 6 + q 1() t 7 + t 4 q 8 + q 6 t 5 + q 4 t 2 + t 3 q 2 + 1 

*™ = q 16 t 8 + q 14 t 9 + q 12 t fi + q 10 t 7 + t 4 q 8 + q fi t 5 + q 4 t 2 + t 3 q 2 + 1 



(131) 
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Alexander case 



A 



A 



2,1] 



2 ' 3] =q 4 -q 2 + l 



2,5] 8 6,4 2,-1 

= q -q +q q +1 



2 ' 71 =q 12 -q 10 +q 8 -q 6 +q 4 -q 2 + l 



q 16 -q 14 + q 12 -q 10 + q 8 -q 6 + q 4 -q 2 + l 



(132) 



6.3 Case (3,n), series n = 3k fundamental representation 



the coefficients in this case are: 



,13] 
-[1] 



„[2,1] 



(l-g 2 )(g 2 + 2£ 2 g 2 + 2 + t 2 ) [Mil] _ (1 + t 2 )(l + t 2 + t 4 )(l - q 2 ) 2 



(1 - qH 2 ) 



11] 



(i-tV)(i-tV) 



p T[3,0] 
Ml] 



p T[3,3] 

Mi] 



-ML(i +A *-2A 2 )= ( a2t + 3 1 )q 3 ( 1+tV + 2A ) 

{t}3,42V 7 (-1 +q 2 ) 3 a 3 t 3 / 2 V / 



{A} ' ~ 6 A 4 + {-qH 4 - t 4 q 2 + 2 q 2 t 2 - qH 2 - qH 2 - q 4 - q 2 + 2 t 4 q 4 )A 2 + q 6 t 6 - 2 q 4 t 6 + 



^ {t} 3 A 2 q v \- 

t (i q 2 + qH 2 + t 4 q 4 + 1-2 t 4 q 2 + t 4 + q 2 t 2 - 2 t 2 ) = 



a 2 t + 1 



(133) 



(134) 



= — r— tt , ■■ ,- /3 s ( < l 6t8a4 + ^ 10t7 + + I 6 *" - 2 * V - 2 * V + *V + * V + q 6 * 5 )^ + l"* 6 
(— 1 + q 2 ) a J t 15 / 2 q- 5 

-2t 4 q 10 + tV + q 6 t 4 + q 4 + tV-2q 6 t 2 +q 4 t 2 -2q 2 + l) , 

(135) 



p T[3,6] 

Mil 



{A} r (l + i 4 -2t 2 + g 2 t 2 -g 



- q 4 t 6 -2t 4 q 2 - t 4 q 4 + q 4 t 2 - qH 6 + t 6 q 2 + qH 4 - qH 8 + q 4 t 8 + g 6 f 1(, + 



t 4 g 8 + (2 gV - q 6 t 8 -q 4 -2 q°t 2 - 2 t 4 q s - 2 t 6 q 10 + t 8 q 8 - t 4 q 10 + qH 2 + t 4 q 4 -t 2 q 8 - q 12 t 8 + q 1Q t 8 - g 4 i 6 + 
2 t «> g 10 _ g 2 _ ? 12 t 10 _ t 4 g 2 _ t 10 g S + 3 t 6 g 8 + 3 ^4^2 + ffiq S _ fSq S + ^8 + (^4 _ 3 ^10 _ 3 ^2 + f 2 qS + 

t 2 q 10 + g 6 - 2 t 4 q 8 + t 6 q 8 + q 12 t 6 + t 4 q w )A 4 - 2 t 10 q 8 + q 12 t 12 + t 12 q 8 - 2 t 12 q w + t w q w ) 



a 2 t + 1 



( _ 1 + q2) 3 a s t27/2q 3 (^ 8 * 4 + (<* 10 * 7 + <& + - 2 1 V + q 6 t 5 + t V + t V - 2 t 5 q 

L2 t 6 - 2 t 4 q 10 + t 2 q 8 + q 6 t 4 + t 4 q 8 + 1-2 q 6 t 2 + q 4 - 2 q 2 + q 4 t 2 ) 



5 " 8 W + 



• HOMFLY case 
H T[3,0] = {A} 



w -WT 2 ^ A -^^ A + 1 ^) 

H T[3,3] _ {A} ( nl2 



{q jf} 2q6 (l 12 - 2 g 1 " + 2 q 8 - q 10 A 2 + g 8 A 2 - g 6 - 2 gM 2 + 2 g 4 + g 4 ^ 2 - 2 g 2 + q 6 A 4 - g 2 ^ 2 + l) 
< 3 ' 6, = 7 g p§ g T2(l-^-2g 2 + 2g 4 + ^ 2 -^ 8 — ' 4 

+ g 1( M 2 - g 12 ^ 4 - 2 g 8 A 4 + 2 g 1( M 4 + g 20 ^ 2 ) 



= {gjW - ^ , 2 + 2 g 4 + g 12 - g 18 + 2 , 

g 2 A 2 + gM 4 - 2 g 12 A 2 + g 18 A 4 - 2 g lf M 4 - g 22 A 2 + 2 g 14 



g 12 - g 18 + 2 g 20 - 2 g 22 + g 24 + g 14 ^ 2 + g 4 A 2 - q b \ 2 - 
A 4 - g 16 ^ 2 + g 10 ^ 2 - 



(136) 



rrT[3,3fe] _ {A}q ^,T[3,3k] 

I 1 ! {g} 3 A 2 g6 fe I 1 ! 

• Alexander case 
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A T[3,3] = q l2 _ q l0 + q « + 2 q s + q 4 - q 2 + 1 



[i] 

,T[3 

M] 



^P' 61 = 1 - q 2 + q 4 - q 8 + q 10 + 2 q 12 + q 14 - q 16 + q 20 - q 22 + q 24 



(137) 



6.4 Case (3, n), series n = 3k + 1 fundamental representation 



[3] M * -2u, [2,1]^-* if .2* [1,1,1] M » 2 

jjjJWpjg + c [i] M [2,i]9 3 1 3 + c [i] M [i,i,i] r 



(138) 



the coefficients in this case are: 



= 1, 



[2,i] (l-t 2 )(l + g 2 +t 2 g 2 ) /g 
^1 (l-g 4 * 2 ) U 



Ji.i.i] = (l-* 4 )(l-t 6 ) 
"[I] (i-t 2 g 2 )(i-tV)Vt 



(139) 



such that the first several superpolynomials are: 



pT[3,l] 

Mi] 



pT[3,4] 

Mi] 



[31 

{t}A 2 q 2 

{A}t 2 
{t}A 2 q 
a 2 t + 1 



(a 2 t + 1) q 
" a 3 (-1 + q 2 )f/2 

, y q 6 A 4 + (-q 6 t 2 - q 4 t 2 - qH 4 - q 4 - q 2 ) A 2 + qh 6 + qH 2 + t 4 q 4 + qH 2 + l) 



a3q5 ; ( q2 ( t , (J a v qW + (qV + q°t 8 + q 1( V + t V + t 3 q 2 ) a 2 + q 12 t 6 + qV + tV + qV + 1 

{A} * 2 ((t 2 g 8 + f 2 g 10 + g 6 + t 4 g 10 + g 12 t 6 )^ 4 + ( 



pT[3,7] 

Mi] 
2t 6 g 10 
+i 8 g 8 + g 10 f 8 + t 1 V° 
a 2 t + 1 



~ {t}A 2 q 1 
t 4 q 10 - *V 



q 10 t 8 



qH 4 



2gV-2t 4 g 5 - 



g 12 t 10 



? 12 i 8 )A 2 + 1 + g 4 f 2 + g 1 V 2 + g 2 t 2 + t 4 q 4 + qH 6 + qH 4 + t 4 q s + t 6 q s 



18*14 + q 12 t 12 + q 6 t 8 + t 10 q 10 + ^12^4 + (q 8 t 5 + q 10 t T + t 5 q 4 + 2 q 8 t 7 + 



a 3 q 1:l (-l + q 2 )t 21 /2 

q 20 t 13 + q 14 t ll + 2 q ia t ll + 2 t 9 q 12 + q 14 t 9 + q 18 t ll 

q 6 t 4 + t 4 q 8 + q 14 t 8 + t 6 q 10 + q 12 t 8 + q 16 t 8 + q 18 t 10 + q 24 t 12 + q 20 t 10 ' 



q 22 t 13 + t 3 q 2 + t 9 q 10 )a 2 + 1 + q 12 t 6 + q 4 t 2 + 



p T[3,10] 

Mi] 



{A}t 2 
U}A 2 q 20 
2q 14 t 8 



(t b q 14 + t 4 q 14 + q b + q 12 t b + q 14 t 8 + t 12 q 18 + t w q"> + t 4 g 12 + t 2 g 8 + t 2 q w + t 4 g lu + g IB t 8 )^ 4 



t 2 q° 



t 4 g 12 



i 6 g 8 



2i 10 g 14 



2i 4 g 8 - 
-i 16 g 18 



q 4 t 2 
- t 14 q lb 



t 10 q 16 



t 12 q 14 



2t 4 q 10 



t 4„12 
,12j 



l 16 t 
,10 ,8 



gM" 4 + fq° + t°q° + t v q" + q"t° + t v q LU + t*V + t L *q" + t^q L 
q 18 t 18 + t 10 q 14 + q 12 t 8 + q W t 8 



2q 1 H a - t LU q^ - 2t^q L " - g iu t° 
i 14 g 18 - 2t 6 q 10 )A 2 + 1 + i 4 g 4 + q 4 t 2 + q 6 t 6 + 
+ q 2 t 2 + t w q w + t 16 g 16 + t 10 q 12 + t 12 q 12 + 



a^t + 1 



a 3 q 17 (-l + q 2 )t 43 / 2 

,12j.l2 i j.10 10 



(t 



16 q 20 + t ±B q" 4 + q D t B + q" D t iB + q"t ±D + t ±D q ±0 + t^q^ + t^q iD + t"q ±<l + 
4 + (t 19 q 34 + t 15 q 26 + t 17 q 26 + t 13 q 22 + 2 t 13 q 18 + t 13 q 16 + 2 t xl q 14 + 2 1 13 

11„18 | 0+ 15 24 | + 9 10 | OJ _17 28 I il5„20 , ^,6*5 , *5„4 , + 3„2 , „8 + 7 , il7„30 , r.j.11 16 , „10 + 7 



q^t" + t iu q iu + q 30 t 20 )a 4 + (t 19 q 34 + t 15 q 26 + t 17 q 26 + t 



t^q iB + 2t 10 q^ 



+ t a q iu + 2t ± q- 
9 q 3 



2 t 15 q 22 + q 14 t 9 + 2 t 9 q 12 + t 19 " 32 ^ 



+ t 1D q^ u + q°t° + t"q 4 + fV + 2q B t' + t^'q 3 " + 2 t^q ±D + q lu t' + 
1 + t 10 q 18 + q 6 t 4 + t 4 q 8 + t 10 q 16 + q 12 t 6 + t 18 q 36 + t 14 q 28 + t 1 ' 



(140) 



t 16 q 32 + t 12 q 18 + t 14 q 24 + t 12 q 20 + t 12 q 22 + q 4 t 2 + t 6 q 10 + t 16 q 30 + q 12 t 8 + q 16 t 8 + q 14 t 8 + q 24 t 12 + j.10 



q"°+ 
q 2 °) 



HOMFLY case 
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T[3,l] _ { A } 
{q}A* 



[l] 



H, 



T(3,4] _ {^} / 12 _ 10 4 2 



I 1 ! {g}.4 2 g 6 



(g 12 - g 10 A 2 + g 8 - g 8 A 2 - g 6 A 2 + g 6 + g 4 + q 6 A 4 - q 4 A 2 - g 2 ^ 2 + l) 



H w 3 ' 71 = { g }AV 2 ( X + q(> + q4 + q8 + qW + 2 q12 + + g16 + g18 + q2 ° + g24 " g22 A ' ~ ql * A2 + gl8j4 ^ 

<f A 2 - q 4 A 2 + q™A 4 + q 14 A 4 - 2 g 12 ^ 2 + q 6 A 4 + q 12 A 4 - 2 g 10 A 2 - q 6 A 2 - g 20 A 2 - 2 g 14 A 2 - 2 q ie A 2 — 
2q*A 2 ) 



H ^' W] = {g}AV 8 ( X + ^ + ^ + ^ + + 2ql2+ «" + 2 9 16 + 2 g 18 + 2 g 20 + g 22 + 2 g 24 + g 26 + g 28 - 
3 g 22 A 2 - 3 q 18 A 2 + 2 g 18 A 4 - g 2 A 2 - g 4 ^ 2 - g 32 ^ 2 + g 30 A 4 + g 24 ^ 4 + g 32 - g 30 ^ 2 - 2 g 28 A 2 - q 34 A 2 + 
q w A 4 + q 14 A 4 - 2 g 12 A 2 + q 6 A 4 + q 12 A 4 + q 20 A 4 - 2 g 26 ^ 2 + g 4 M 4 + g 22 ^ 4 + g 26 A 4 - 2 g 10 A 2 - g<M 2 - 

2 A 2 g 24 - 3 g 20 A 2 - 3 g 14 A 2 - 3 q 16 A 2 + g 30 + g 36 - 2 g 8 A 2 ^ 



H, 



T[3,3fc+1] _ {A} ^,T[3,3fc+l] 



[1] 

Floer case 



{g}A 2 g« "-I 1 ! 



piT[3,l] 
[1] 



= 1 



^.T[3,4] _ ^6 + 8 1 „6 + 5 , „10 + 7 , + 3„2 , „12 + 6 , „6 + 4 



, = g°i 8 + q°t ; > + q w t ' + t A q 2 + q"t* + g°i 4 + 1 
£[3,7] = 1 + q 16 t ll + g 22 f 13 + ?6f 4 + ^12^ + ^10 + ^12 + + <3g 2 



T[3,10] = j + g 22 t 15 + 9 18 t 12 + ^14 + g 30;16 + ? 34 f 19 + ^18 + ^11 + ^17 + ^4 + ^ + ^7 + £f 



[1] 



Alexander case 



4 T[3,4] 



q 12 - q 1 " + q 6 - q 2 + 1 



AT^ 7] = 1 + q 6 - q 2 - q 8 + q 12 - q 16 + q 18 - q 22 + q 24 



[1] 



,T[3,10] 
^[1] 



1 + q 6 - q 2 - q 8 + q 12 - q" + q 1S - q 22 + q 24 - q 28 + q 36 - q 34 + q 3 ° 



6.5 Case (3,n), series n = 3k + 2 fundamental representation 



™ = C [ 3 jMf 3] g- 2 " + <$? ] Mfaq-VtV + c^M^t 2 



the coefficients in this case are: 



-[1] 



1, C 



[2,1] 
[1] 



(l-i 2 )(l + t 2 +t 2 g 



-)(i + r +tTj /9\5 [1,1 

(l-g 4 i 2 ) IJ ' W 



_ (l-t 4 )(l-t<>) 
(l-tV)(l-i 4 ? 2 ) 



(!)' 
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such that the first several superpolynomials are: 

p T[3,2] _ {A}t 2 / , 2 2 2 A _ a 2 t + l / 4 2 2 3 2 

I 1 ! _ {t}AV i« * 5 ^ + lj - ( _ l + q2) qa 3 tll/2 ^ + q t a +1 

P w 3 ' 5] = ( {q6 + t2q8)A4 + { - qHi ~ t6q8 ~ 2 qH1 ~ qH2 ~ * V - qi - q2)A2 + * V + gV+ 

g 6 t 6 + q 2 t 2 + t 4 q 4 + 1 + g 4 i 2 ) = 

(-l + q^t^ ( (q6t8 + tl0ql0) ^ + (ql ° t7 + q14 * 9 + 2 + + * 9q12 + t5q4 + t3q2) &2 + 

q 16 t 8 + t 6 q 10 + q 12 t 6 + q 4 t 2 + t 4 q 8 + 1 + q 6 t 4 ) 

P[T] [3 ' 8] = { ffj 16 ( (*V 2 + g 6 + «V° + tV° + «V + g 14 * 8 + a 12 * 6 ) A 4 + (-g 4 - g 2 - t 6 g 8 - g 4 t 2 - 

2t 4 q w - 2tV ^ 2g 12 t 8 - 2t 6 g 1() - g 6 i 4 - 2 g 6 t 2 - g 12 t 6 - g 10 t 8 - t 2 q 8 - g 14 t 12 - t 10 g 14 - t 10 q 12 )A 2 + 

1 + g 12 i 12 + q 2 t 2 + t 4 q 4 + q 4 t 2 + g 6 t 6 + qH 4 + t^q 10 + t 4 q 8 + q w t 8 + i 6 g 8 + t 14 q 14 + t 8 q 8 + t u> q 12 + i 1 "g 1 ") = 

= (-l + qi') + qa»f»/ a + tl0ql ° + qV + ^ + qlV2 + + ^*^+ 

(q 18 t 13 + 2 q^t 11 + t 9 q 10 + 2 q 20 t 13 + q 18 t lx + 2 q 8 t 7 + q 6 t 5 + q 14 t 9 + 2 q 14 ! 11 + 2 t 9 q 12 + q 24 t 15 + 

q 10 t 7 + q 22 t 13 + q 26 t 15 + t 5 q 4 + t 3 q 2 )a 2 + 1 + t 6 q 10 + q 12 t 8 + q 16 t 10 + q 22 t 12 + q 24 t 12 + q 28 t 14 + q 6 t 

t 4 q 8 + q 12 t 6 + q 4 t 2 + q 20 t 10 + q 14 t 8 + q 18 t 10 + q 16 t 8 ) 



(146) 



• HOMFLY case 

fl ST , - B $?(*'-«'' ,, + 

<!"' = rr%i («" - i" A * + 1" - i" A * - i'° A * + «'° + «* + i"' A ' - 2 9*" 2 - i' A * + 1* + 1' + i' A * 

\q)A q V 
-q 4 A 2 - q 2 A 2 + l) 

H W 3 ' 81 = TqWq^ { 1 + ( i G + 1 4 + 1 8 + I'" + 2 I'" + I"' + 2 I'" + I'" + I'" + I™ + I'* + I'* + <f A * - 1 2A ' 2 + 1 18A4 + 
q 16 A 4 + q*A* -q 2& A 2 - g 24 A 2 - q 22 A 2 - 2 g 20 A 2 - 2 g 18 A 2 + g 12 A 4 + g 14 A 4 - 2 g 16 A 2 - g 4 A 2 - 2 g 12 A 2 - 2 q w A 2 - 



(147) 



3q 14 A 2 -2q 8 A 2 -q 6 A 2 + q 10 A 4 ) 

rrT[3,3fe+2] _ {A} 

W ~ {g}AV fc + 2 Hs > 3k + 2 



• Floer case 

F^=q 4 t 2 +t 3 q 2 + l 

= q 14 t» + q 8 t 7 + t 3 q 2 + q 1S t 8 + t 6 q 10 + 1 + qH 4 
F^' S] = 1 + g 14 t n + g 2 V 3 + qH 4 + q 12 t s + q 16 t 10 + q 22 t 12 + q 8 t 7 + q 28 t 14 + q 26 t 15 + t 3 q 2 

• Alexander case 

A Tjs.5] =ql6 _ q u + q io_ q 8 + q e_ qa + 1 (i4g) 
Alf' 8] = 1 + q 6 - q 2 - q 8 + q 12 - q 14 + q 16 - q 20 + q 22 - q 26 + q 28 
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6.6 Case (4, n), n = Ak fundamental representation 



[1] _ C [1] M [4]9 + c [l] JW [3,1]9 r + C [1] iW [2,2]9 1 + C [1] JW [2,1,1]9 212 + C [1] M [l,l,l,l] r 



„[ 4 ] ) 



-3n , J3,l] j 



«+™ _L J 2 . 1 . 1 ] 



(150) 



with the coefficients 



J4] _ j [3,1] 
C W ~ 4 ' C [l] 



1 + g 2 ) (3g 4 t 2 + g 4 + 2gV + 2g 2 + 3 + t 2 ) 



„[2,2] 



{l + t 2 ) (-l + g 2 ) 2 (g 2 + 2g 2 t 2 + 2 + t 2 ) 



-1 + qH 2 ' "W (-l + g 2 i 2 )(-l + g 4 t 2 ) 

[2,1,1] _ (l+t 2 )(-l+ g 2 ) 2 (3tV+2 g 2 t 2 + q 2 +t 4 +2t 2 +3) [1,1,1,!, _ (t 4 + l)(t 2 +f + l)(l+t 2 ) 2 (-l+ g 2 ) 3 

C [!] (_l + 9 2 t 2)^( 9 2 t 2 + i) ' C [l] (_l +t 6 9 2)(_i +g 2 t 2)(_i +t 4 9 2) 



several first superpolynomials are: 



p t[4,o] _ {A} _ 2 3 _ (-1 + g 2 ) aV 
W {i} 4 A» V j (a 2 t + 1) q 4 



P^ 4 > 4 1 = {t} j^} A3 (l + q H 4 + q 8 t 6 - 3 1 2 + 3 t 4 - 1 6 + g 1( V + 3 gV 2 - 3 g 1 V 2 + g 1 V 2 + t 6 g 10 - 2 t 8 g 8 + g 1 V - g 12 A 6 + 

t 4 q S + (_ g 6 t 6 + 3 ^4 + t 2 ? 10 + q 6 + ^2^12 + g 12 t 6 + ^2 _ g ^8 + g 8 + g 10 _ 3 ^2 + 3 _ 3 ^10 + ^10 + ^12)^4 + 

(7 g 6 i 4 + 7 g 8 * 6 + 3 g 1( ¥° - g 12 i 6 - 2 «V + 2 g 10 t 8 - g 12 t 8 - q 12 t 10 - g 4 - 2 t 4 g 10 - i 2 g 10 - 2 t 4 g 8 - 2 g 8 t 2 - g 2 - 2 g 4 t 6 - 
3 i 4 g 2 - 3 1 1 V + 2 q 4 t 2 - 2 g 6 i 2 + 3 q 2 t 2 - 3 q 6 t 6 + t 6 q 2 - 2 qH 8 - g 6 + g V + g 6 t 10 )^ 2 - g V 2 - 3 i 4 g 2 - 3 t 10 g 8 + g 4 f 2 + qH 2 + 

g 2 t 2 - 2 t 4 g 4 - 4 g 6 i 6 - t 8 g 2 + 3 t 6 g 2 + 2 g 4 i 8 + 3 q 6 t 10 - t w q 4 ) = (- 1 + q 2 ) 4 ^* 1 ^ 8 (l _ 3 q 2 + 3 q 4 - q 6 + (q 18 t 14 + 

/ a 2 t + 1 V 

+ 10„8 i „14 + 12 q 16 j. 12 | Q „14il0 r-„12 + 10 ,188 . 14a14 . „10il2 . „16il4 . g „10i8 „12 + 8 , „6 + 8 . j.10 10 , 

t q +q t — oq t + 3q t oq t 3t q +q t +q t +q t +Jq t — q t +q t +t q + 
q 12 t 12 )a 4 + (-3 q^t 11 + q 20 t 13 + t 3 q 2 - 3 t 3 q 4 + t 5 q 4 + 3 q 6 t 3 - 2 q 6 t 5 + q 6 t 7 - t 3 q 8 + 2 t 5 q 10 - t 5 q 12 + 2 q 8 t 7 + 

3 t 7 q 12 - 7 q 10 t 7 - t 7 q 16 + 2 t 7 q 14 - 7 q 14 t 9 + 2 t 9 q 10 + 2 t 9 q 12 + q^t 11 + 2 q 14 t xl - 2 q 18 t 14 + q 22 t 13 + 3 q 18 t 9 + 
q 18 t 13 + 2q 16 t 11 )a 2 + q 4 t 2 - 3q 6 t 2 + q 6 t 4 - t 2 q 10 + 3t 2 q 8 - 2t 4 q 8 + 2t 4 q 12 - t 4 q 14 + t 6 q 8 - 4q 12 t 6 - q 18 t 6 + 

3t 6 q 16 +t 6 q 10 +q 16 t 10 + q 12 t 8 -2q 16 t 8 +q 14 t 8 +q 12 t 15 a 6 +q 20 t 10 + 3q 20 t 8 + q 18 t 10 -3q 18 t 8 -3q 22 t 10 + q 24 t 12 

P n^] = {t} tf} iA3 (l + 3 g 12 t 12 - 2 g ll V 2 - g 12 i 18 - 2 g 2l, t 20 - 2 qH 4 - 5 g 8 t 6 - 3 g 20 t 22 + g 22 t 22 - g 14 i 20 + 2 g 14 i 18 + 2 t 1(i q 12 - 

t 1(i q 10 + 2 q w t 20 - 3 1 2 + 3 1 4 - t 6 - 2 f 14 g 16 + 2 g 12 * 6 + t 6 g 14 - t 6 q w + 2 i 12 g 18 + 4 i 8 g 8 - 2 g 10 t 8 - 6 g 12 t 8 + 2 t 10 q 16 + q 22 i 2Q - 
2t 14 q 12 +t 12 q 14 -5t 16 q 1S -6t 12 q 16 +t 4 q U) + 2t 4 q S -q 18 t 14 + q 2t H 14 + 2q 2( h 16 + 2q 1 h S + 2q 14 t S ^ 
t 12 q 20 -3t 4 q 2 +4t 1 \ 16 + 2t 12 q 8 + t 10 q 18 + q 24 t 24 -3q 22 t 24 + q 22 t 18 -2t 18 q 20 -t 24 q 18 + 3t 22 q 18 -t 22 

t 18 q 18 - g 1 V 8 - 2 1 10 g 8 +t V 2 + (3 1 10 g 20 - g 24 f 12 +3 g 22 t 12 + 2 g 20 t 8 - t 2 g 16 - g 18 t 2 - g 18 t 4 + g 12 i 6 +4 g 18 t 6 - t 6 g 20 -3 t 6 g 14 + 
2 * 4 g 16 - 1 4 g 20 + 1 12 q 18 + t w q 16 - 2 q^t 8 + q 14 t 8 - q 12 - 3 t 12 g 20 - g 22 t 8 - 3 t 10 g 18 - i 2 g 14 + 3 t 2 g 12 - 3 1 4 g 12 + 3 t 4 g 14 -g 2 V°- 
t 6 q 22 )A' i + (-q 12 t 12 + 3 g 6 t 4 + 2 g 8 t 6 + t 10 g 20 + 3 g 22 t 12 + 3 g 20 t 8 + g 8 + t 14 q 1G + t 2 q lfi + 2 q 18 t 4 + 4 g 12 t 6 + 4 g 18 * 6 + 2 t 6 g 2() - 
4t 6 g 16 -9t 6 g 14 + 3t 4 g 16 + 2t 6 g 10 +4t 12 g 18 -f 8 g 8 + g 10 t 8 + 6t 1 % 16 -2g 22 t 16 +t 12 g 14 + 2t 16 g 18 -2f 4 g 10 -f 2 g 10 + 2g 18 t 14 - 

2 g 8 t 2 - 2 g 2 V 4 - 6 g 16 t 8 + 6 g 14 t 8 - t 14 g 14 - 7 t 12 g 20 - t 16 g 16 + g 10 + g 22 t 8 - 4 t 8 g 18 - 9 t 10 g 18 - 3 g 22 t 18 + 3 t 18 g 20 - t 18 g 18 + 
2* 2 g 14 + 3i 2 g 12 -7i 4 g 12 +ty 4 + g 12 f 10 -g 1 VV2g 2 V ^ 

q w t 12 + 2 qH 4 -4 g 8 t 6 -3 t 10 q 20 - 3 g 20 t 22 +3 g 22 t 22 + g 14 t 18 - 2 q 18 t 20 + t 1(i q 12 +q 16 t 20 - q 22 t 12 - q 20 t 8 - 5 t 14 g 16 + 10 g 12 t 6 - 
g 18 * 6 - 4 1 V 6 ~ 2 t 6 g 14 - * 4 g 16 + 4 t 6 g 10 + 10 t 12 g 18 - 5 g 1( V - 2 g 12 f 8 + 12 t 10 q 16 + 2 q 22 t 20 - 3 g 2 V 6 - t 14 g 12 - 4 f 12 g 14 - 

4 * 16 g 18 - g 4 - 2 t 12 q 16 + 2 t 4 q w - 2 t 2 q w + 7 t 4 g 8 + 4 g 18 i 14 - 3 g 8 t 2 + 2 g 2 V 4 + 7 g 20 t 16 + 12 g 14 t 8 - 4 t 10 q 14 - q 2 + t 14 q 14 - 
At 12 q 20 -2qH 6 -Zt 4 q 2 +t 12 q 8 ~At 8 q 18 ~2t 1 \ 18 W 2 t 18 +2t 18 q 20 +t 22 q 18 - q 14 ^ 

3 t 4 g 14 + 2 q 4 t 2 - 4 g 12 i 10 + g 1(, t 10 + g 6 t 2 - q 24 t 22 +t 14 q 10 + 3 g 2 t 2 - 2 g 22 t 14 - g 24 i 20 - 2 q 6 t 6 +t°q 2 - q 6 t 8 - g 2 V 8 - g 6 + g 4 t 8 + 
gV )A 2 + g 4 t 2 + g 12 t lt, + 3g 10 t 1 Hg 6 t 2 + 2t 14 g 10 -f 14 g 8 + g 2 t 2 -2t 4 g 4 + g 6 t 6 -t 8 g 2 +3t 6 g 2 -g 6 t 8 + 2g 4 t 8 + 2 = 
(-l + q 2 ) 4 a 4 t 26 q 20 



a 2 t + l 



1 - 3 q 2 + 3 q 4 - q 6 + q 22 t 12 + t 14 q 20 - 6 q 24 t 14 - q 42 t 18 + q 44 t 22 - q 30 t 12 - q 22 t 8 - 2 q 30 t 14 + 



q 26 t 14 + 2q 24 t 10 -q 26 t 10 -2q 26 t 12 + 2q 28 t 12 + 3q 28 t 14 + 2q 26 t 16 -q 34 t 14 + 2q 32 t 14 + 2q 30 t 18 -6q 28 t 16 + q 28 t 18 - 
q 32 t 18 - 2 q 30 t 16 +q 32 t 20 - 2 q 38 t 20 + q 36 t 18 + q 40 t 22 - 5 q 34 t 18 +4 q 32 t 16 + q 34 t 20 - q 34 t 16 + 2 q 36 t 20 + (-q 20 ! 11 + 
2q 20 t 13 +4q 32 t 21 -12q 22 t 15 + 2q 28 t 17 -10q 30 t 19 + 2q 36 t 19 + 4q 24 t 15 -2q 42 t 23 +4q 26 t 15 + 2q 28 t 19 -12q 26 t 17 + 
q 44 t 25 - 7 q 36 t 21 - q 40 t 23 + 3 q 38 t 23 + q 46 t 25 + 4 q 34 t 19 + 5 q 30 t 17 + 2 q 36 t 23 + q 42 t 25 - 4 q 32 t 19 - 2 q 34 t 21 + q 34 t 23 + 
q 28 t 21 + 3 q 42 t 21 - q 40 t 19 - 2 q 38 t 21 + 3 q 30 t 21 + t 3 q 2 - 3 t 3 q 4 + t 5 q 4 + 3 q 6 t 3 - 2 q 6 t 5 + q 6 t 7 - t 3 q 8 + 2 t 5 q 10 - 
t 5 q 12 -q 8 t 7 + 2t 7 q 12 -2q 10 t 7 -t 7 q 16 + t 7 q 14 +4q 14 t 9 + 3t 9 q 10 -7t 9 q 12 +t 13 q 14 + 2q 12 t 11 -2q 14 t 11 +4q 22 t 17 + 
2 q 20 t 15 + 2 q 38 t 19 + 4 q 26 t 19 - q 36 t 17 + q 24 t 19 + q 34 t 17 + q 20 t 17 - 3 q 44 t 23 - q 28 t 15 - q 32 t 15 + q 30 t 15 + q 22 t 14 + 
q 26 t i3 _ q 28 t i3 _ q 24 t is _ q 20 t 9 _ g^n + 5 q i8 t ii + 4 q 22 1 13 + q 18 1 9 + 4 1 13 q 16 + 3 1 15 q 18 - 10 q 18 t 13 -4 q 18 t 11 )a 2 + 

(-q 24 t 14 + q 42 t 26 -3q 40 t 24 -2q 34 t 22 + q 30 t 24 + 3q 14 t 14 + 3q 34 t 24 + 2q 32 t 24 -6q 24 t 18 + q 26 t 16 + q 30 t 18 -q 28 t 16 - 
q 32 t 18 + 2q 32 t 20 + 2q 34 t 20 -q 36 t 20 + q 6 t 8 + 3t 18 q 20 -4q 22 t 18 + 6q 22 t 16 -q 16 t 10 -3t 8 q 8 + 3q 10 t 8 -q 12 t 8 +q 10 t 12 + 
2 t 16 q 16 - q 12 t 12 + t 12 q 18 + t 16 q 18 + t 10 q 8 + q 40 t 26 - 2 q 38 t 24 + 2 q 14 t 10 + 3 q 28 t 22 - 2 q 14 t 12 - q 36 t 24 + q 22 t 14 + 
q 38 t 26 +4 q 30 t 20 -4 q 26 t 20 -7q 32 t 22 +6 q 26 t 18 -9 q 28 t 20 +q 30 t 22 +2 q 26 t 22 +4 q 24 t 20 +3 q 38 t 22 -q 20 t 12 -2 t 10 q 10 + 



27 



4 q 18 t 14 - 9 q 20 t 16 + 2 q 22 t 20 + q 18 t 18 + 2 q 16 t 12 - 7 q 16 t 14 )a 4 + (q 26 t 23 + q 24 t 23 - 2 q 28 t 23 + q 22 t 21 - 4 q 24 t 21 + 
q 30 t 25 - 3 q 30 t 23 + q 32 t 25 - 3 q 34 t 25 + q 36 t 27 + 3 q 28 t 21 - 2 q 20 t 19 + q 12 t 15 - q 30 t 21 - 3 q 18 t 17 + q 18 t 19 + q 20 t 21 + 

q 16 t 17 _ q 22 t 17 + 3 t lB q 16 _ ^19 + 3 q 32 t 23 + 3 q 24 t 19 + 3 q 20 t 17 + q 28 t 25 _ 3 t l 8q 14 _ t 15 q 18 )a 6 + q 4 t 2 _ 3 ^2 + 

q 6 t 4 + q 48 t 24 + 3q 44 t 20 + 2q 36 t 16 -t 2 q 10 + 3t 2 q 8 -2t 4 q 8 + 2t 4 q 12 -t 4 q 14 + t 6 q 8 + q 12 t 6 -q 18 t 6 + 2t 6 q 16 -t 6 q 14 - 

2 t 6 q 10 - q 16 t 10 + 2 q 12 t 8 + 4 q 16 t 8 - 5 q 14 t 8 + 2 t 12 q 18 + q 14 t 10 - 3 q 46 t 22 + 3 q 40 t 18 + q 42 t 22 - q 38 t 16 + 2 q 22 t 14 - 

3 q 42 t 20 - 2 q 40 t 20 + 2 q 24 t 16 - 6 q 20 t 12 + 3 q 20 t 10 + 2 q 20 t 8 - 2 q 18 t 10 - 2 q 18 t 8 - 2 q 22 t 10 + 3 q 24 t 12 + q 16 t 12 ) 

• HOMFLY case 



rrT[4,0] 

W ~ {g}M 3 



{A} y 



rrT[4,4] _ {A} 
U K ~ {q} 4 9 12 A3 



(-Q 12 A 6 + (-5g 12 + 5g 14 + g 6 -2 9 8 + 5g 1() +g 18 -2g le M 4 + (-5g 12 + 2 ? 20 -q 2 + 2q 4 + 3g 10 - 



2g 18 - g 22 - g 16 + 3 g 14 - 2 g 6 - q s )A 2 + 1 - 3 g 18 + 2 g 8 - 3 g 6 + 2g 16 - 3 g 2 + 4g 4 - 3g 22 - g 12 + q 24 + 4g 20 ) 



H 



T[4,8] 



{A} 



g 36 + 3 g 14 - 4 g 16 - 2 g 20 - 4 g 32 + 3 g 18 + 3 g 30 + g 24 - g 12 - 2 g 28 + 3 g 34 )^ 6 + (3 g 34 + g 6 + 3 g 14 + 



[1] {q}4 9 24 A 3 

2g 10 -4g 32 + 5g 22 -7g 2(, + 7g 18 -7g 28 -4g 16 -2g 12 -2g 40 + g 42 -2g 8 + 2g 38 -2g 36 + 7g 30 -3g 24 + 5g 26 )A 4 + 

3 g 20 + 2 g 44 + g 16 - 3 g 24 + 2 g 8 - 4 g 34 - 2 g 42 - 2 g 6 + 4 g 12 + 

39 . « 99 . 18 3fl , ,-\ 40 \ * 9 . i , r-i R . — 

q 



3g 26 + g 32 + 3g 22 + g 18 + g 30 + 2g 40 )^ 2 + 1 + 2g 8 + 5 g 36 - 3g 42 + 4g 4 - 3g 30 - 3g 38 - 3g 10 + 6g 16 - 3g 18 - 3g 2 + 



4g 44 + o 



5 g 12 + g 24 + 6 g 32 + g 48 - 3 g 46 - 6 g 34 + 2 g 40 - 6 g 14 - 3 g 6 ) 
Alexander case 



^| 4 ' 41 = 1 + q 24 - 2q 22 + 2q 20 + q le + 2 q 14 + 2 q 10 + q 8 + 2 q 4 - 2q 2 

A^ 4 ' &] = 1 - 2 q 8 + 2 q 4 + 2 q 38 - 2 q 14 - 2 q 2 - 2 q 46 + 2 q 10 + 5 q 16 - 2 q 20 + 2 q 22 + 2 q 26 - 
2q 28 + 2q 44 + q 48 -2q 34 + 5q 32 -2q 40 
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6.7 Case (4, n), n = 4k + 1 fundamental representation 



T[4,, 
[1] 



-3n , 43,1] ; 



„P,2] 



n , „[2,1,1] ; 



J1,1,1,1] M * 



■11] 



[1,1,1,1] 



(152) 



_ ^g(^ 2 + g 2 + l + g 4 ) (-1 + t 2 ) [2 , 2] g 2 (-1 + t 2 ) (l + t 2 ) (t 2 - g 2 ) 
! ~ ^(-l + g6t 2 ) C[1] t(-l + qH 2 )(-l + qH2) 

[2,1,1] _ 9 3 / 2 (l+t 2 )(-l+t 2 ) 2 (i^ 2 +g 2 i 2 + 9 2 + l) [!,!,!,!] _ 9 3 (t 4 + l) (t 2 +i 4 + l) (l+i 2 ) 2 (- 1+t 2 ) 3 

i 3 / 2 ( 9 2 t 2 + l)(-l + «J 2 i 2 ) 2 ' C W t3(-l + 9 2 t 2)(_ 1 + t 6 g 2)(_ 1 + t 4 g 2) 



C M _ j [3,i] 



-[i] 



several first superpolynomials are: 



(a 2 t + 1) q 



T[4,l] = = 

W {t},4 3 g 3 (-l + q 2 )a 4 t 5 



P[T] [4 ' 5] = { /ff gl5 ( - g 12 A 6 + (g 12 i 6 + t 2 q 12 + t 2 q s + g 6 + g 8 + t 2 g 10 + g 10 + t 4 g 10 + t 4 q 12 )A 4 + (-t 10 g 12 - g 4 - 2 qH 2 - 

t 2 q 10 - q 6 t 4 - 2 t 4 g 10 - g 12 * 6 - 2 t 4 g 8 - 2 t 6 q 10 - g 6 - t 6 q 8 - g 12 t 8 - 2 t 2 q 8 - q 10 t 8 - g 2 - q 4 t 2 )A 2 + 1 + qH 2 + qH 6 + qH 4 + 

t 6 g 8 + i 4 g 8 + t 8 g 8 + q 2 t 2 + t 4 q 4 + t 6 q 10 + t 12 q 12 + q w t s + q 4 t 2 + t 10 g 10 ) = - ^-^±^_ ( q » t 1B a 8 + (q lfi t 14 + 

q 18 t 14 + q 10 t 12 + t 14 q 14 + t 10 q 10 + t 10 q 8 + t 12 q 14 + q 6 t 8 + t 12 q 12 )a 4 + (q 18 t 13 + 2 q 8 t 7 + 2 t 9 q 10 + t"q 12 + t 9 q 14 + 
q 10 t 7 + 2 q 16 t n + t 5 q 4 + t 3 q 2 + 2 t"q 14 + 2 t 9 q 12 + q 2() t 13 + q 18 t lx + q 6 t 5 + q 22 t 13 + q 6 t 7 )a 2 + 1 + q 4 t 2 + q 6 t 4 + t 4 q 8 + 
t 6 q 8 + q 12 t 6 + t 6 q 10 + q 12 t 8 + q 16 t 8 + q 14 t 8 + q 20 t 10 + q 18 t 10 + q 24 t 12 + t 10 q 16 ) 



= { ^ q27 (l+f 4 r + ^t 2 VA 24 +f 18 9 1 V9 22 t 1 ^t 16 ? 1 ^? 1 V 4 + f 1 \ 2 ^i 22 ^+, 16 f 16 + 2A 16 + t 2 V 2 + 

t 14 q 20 +t 12 q 20 + 2 t 12 q 16 + 2 g 18 i 12 + 2 t 10 q 14 + q 2 t 2 + t 4 q 4 + q 4 t 2 + q 6 t 2 + q 6 t 6 + qH 4 + 2 t 4 g 8 + t 4 g 12 + t 6 g 8 + 2 g 12 t 6 + f 6 g 14 + 
2* 6 g 10 +t 8 g 8 +g 10 * 8 + 2g 12 * 8 + (g 6 +t 4 g 1() +g 8 +g 1 W^ 

3 i 2 g 12 + 2 t 4 g 12 + 4 t 4 q 14 + t 2 g 16 + 2 q 18 t 4 + g 12 i 6 + 4 q 18 t 6 + 2 t 6 g 20 + 4 t 6 q 1(i + 2 t 6 g 14 + 3 t 4 g 16 + t 18 g 24 + 3 t 12 g 22 + i 16 g 22 + 
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2t 14 q 22 + 2t w q 22 + 2 q 16 t 8 + q 14 t 8 + 3q 20 t 8 + U 8 q 18 + 4g 20 t 10 + 2q 18 t 10 ' + t 10 q la )A 4 + (-t 6 q 20 -t 4 q 16 -q 18 t 4 -t & q 22 -t 8 g 22 - 



tV 6 _ +^20 _ q 18 t 6 _ { 2 q 14 _ ^ q 22 _ g 18 + 2 _ g 20 + 8 _ g24f 12 . 



t 18 q 20 -2q 20 t 16 -t 20 q 22 - 
t 2 q 12 ~U 4 q 12 ~3t 4 q 14 -f 
' -2t X4 q 22 - 



-4t 14 q 20 - 



At 12 q 20 - 



2t 12 q 16 -4q 18 t 12 - 



- q V2 )A 6 + (-g 2 - q 4 - q 6 - 4 tV° - 2 q 22 t 18 



■t 16 q 18 ~q 16 t 14 



6 „8 _ 4 g 12 t 6 _ ? 18+6 _ 4 t 6 5 16 _ g +6 g 14 _ ^16 _ 3 ^10 



2 t x y 4 - g 4 t 2 - 2 g 6 i 2 - g 6 i 4 - 2 i 2 g 10 - 3 t 2 g 8 - 2 i 4 g 8 - 



q L "t B -2q 1 H a 



5q 16 t 8 -4q 14 t 8 ~q 20 e 



. t 22 q 24 -t 18 q 24 ~t 20 q 24 - 



- 4 «V 8 - 3 q 20 t 10 - 5 g 18 t 10 - t 10 q 12 - 4 t 10 q 16 - 2 q 18 t 14 - 



t 12 q 22 -3t w q 22 - 



t 12 q 14 )A 2 - 



2 q 16 t 8 + 2q 14 t 8 + q 18 t 10 +t 10 q 12 +2t 10 q 16 + t 10 q 10 + 2 q 18 t 14 + t 14 q 14 + t 12 q 14 + t 12 q 12 = 



(-l + q 2 )a 4 t 5 



v^ 4 



t 14 q 20 + 2 t 12 q 20 + t 12 q 16 + 2 q 18 t 12 + t 10 q 14 + q 4 t 2 + q 6 t 4 + t 4 q 8 + 2 t 16 q 24 + 2 t^q" + t D q" + q"t D + t D q iu + t^q" 
q 26 t i4 + q 28 t i4 + 2 q 12 t 8 + 2 1 14 q 22 + q 48 t 24 + q 32 t 16 + 2 q 26 t 16 + 2 q 28 t 16 + 2 q 30 t 18 + q 32 t 20 + q 30 t 16 + 2 q 32 t 18 + q 34 t 20 + 
q 28 t 18 +q 16 t 8 +q 14 t 8 + q 34 t 18 + q 4 V 2 +q 36 t 18 + q 3 ^ 

q 6 t 7 + q 14 t 13 + q 34 t 23 + q 28 t 21 + q 46 t 25 + q 38 t 21 + 3 q 30 t 21 + 2 q 36 t 23 + 5 q 20 t 15 + 4 q 26 t 19 + 2 q 40 t 23 + q 24 t 19 + q 42 t 25 + 



,16+13 



32 + 21 



q 20 t 17 + 2 q 8 t 7 + q 10 t 7 + q 44 t 25 + 4 q 22 t 17 + 3 t 9 q 10 + 2 t 9 q 12 +4 q 18 t 13 + 4 q 22 t 15 + 3 q 1H t 1£> + 4 q 1B t la +4 q» a t a 
2q 28 t 17 +4q 30 t 19 +3q 38 t 23 +2q 24 t 15 + 5q 28 t 19 +4q 26 t 17 +q 26 t 15 +q 42 t 23 +4q 34 t 21 +2q 32 t 19 + 5q 24 t 17 +q 30 t 17 - 



q 34 t 19 + 2q 30 t^ 1 + 2t 11 q^+t 9 q 14 + 2q 1H t 11 + 2q^ u t 13 +q 18 t 11 +q"t 13 +4t 11 q 14 )a ;a + (t 1B q 1B +4q^t ±B +4t ± --q* 
q 10 t 12 + 2 q 16 t 14 + 3 t 18 q 20 + 2 q 16 t 16 + 2 q 20 t 16 + 2 t 20 q 22 +q 6 t 8 + 2 q 32 t 24 + q 38 t 24 + 3 q 34 t 24 + 2 q 36 t 24 + q 38 t 26 + 
q 42 t 26 + 2 t 18 q 24 + q 30 t 24 + 4 t 20 q 24 + q 40 t 26 + t 16 q 22 + 2 q 26 t 22 + 2 q 28 t 20 + 4 q 30 t 22 + t 10 q 8 + q 26 t 18 + q 30 t 20 + 

,32 + 22 | Q „28 + 22 , „34 + 22 , + 10„10 , „18j_14 , Q+ 14„14 , + 12„14 , o + 12 q 12 ) a 4 -|- (q 28 t 25 + q 36 t 27 + q 16 t 17 + 



,36+21 



l-ll„12 



+8„14 



,16+11 



,20j_13 



,18+11 



,22+13 



1.18 18 



,22+18 



1.16 18 



4 q 26 t 20 + 2 q 32 t 22 + 3 q 28 t 22 +q 



34 t 22 +t 10 q 10 +q 18 t 14 + 3t 14 q 14 + t 12 q 14 + 2t 1 



a 4 + (q 28 t 2 

q 12 t 15 +q 24 t 21 +q 26 t 23 +q 22 t 21 + q 18 1 19 + q 30 + 25 + q 32 j 25 + q 24 j 23 + q 20 t 21 + q 2« t 23 + q 20 t 19 ) &6 + 3 j 10 q 16 + q 42 t 22 ^ 

HOMFLY case 

rrT[4,l] _ {^4} 



„T[4,5] = {^} 

W {g}A 3 g 12 



( - g 12 A 6 + (g 6 + g 18 + g 16 + 2 g 14 + g 8 + g 12 + 2 g 10 ) A 4 + (-g 20 - 2 g 16 - 2 g 18 - 2 g 8 - 3 g 12 - 2 g 6 - 



g 4 - g 2 - 3 g 14 - 3 g 10 - g 22 )^ 2 + 1 + 2 g 16 + 2 g 8 + g 20 + g 24 + g 10 + g 6 + g 4 + g 14 + 2 g 12 + g 18 ) 
{A} 



H 



1 + 3g 36 + 2g 34 + g 38 + 4g 32 + 2g 8 + g 48 + g 42 + g 4 + 2g 4 ° + 3g 12 + 2g 14 + g 44 + 3g 30 + g 10 + 



W " {g}A 3 g 24 
4 g 16 + 3 g 18 + 4 g 20 + 3 g 22 + 5 g 24 + 3 g 26 + 4 g 28 + g 6 + (-2 g 24 
2 g 20 ) A 6 + (2 g 10 + 5 g 28 + 7 g 22 + 4 g 34 + 7 g 26 



q 12 -q 36 



4g 32 + 2g 36 + 5 g 20 + 6g 18 



2g 2 



q b + q* + 4 g 14 + 4 g )A + (-6 g 32 - 6 g 1 



9g 22 -g 4 -2g 6 ~4g 38 



-6g 3() + 2g 38 + g 42 + 2g 12 +6g 24 + g 40 + 



4g 3 



2g 42 -9g 2 



4g 12 - 2g 8 - 8g 2 



8g 30 )A 2 ) 



6g J 



-4g 10 -6g 16 



2g™-8g^ 



Floer case 



7 T[4,5] 
[1] 



= 1 + q 12 t 15 + q 24 t 12 + t 6 q 8 + q 16 t 10 + q 22 t 13 + t 3 q 2 



7 T[4,9] 
[1] 



- 1 + q 16 t 12 + q 24 t 16 + q 32 t 20 + q 48 t 24 + q 4() t 22 + q 20 t 16 + q 28 t 19 + q 38 t 23 + q 46 t 25 + t 6 g 8 + t 9 g 1() + t 3 g 2 
Alexander case 



A T ] = 1 



4, [4 ' 51 = 1 + q 8 - q 12 - q 2 + q 16 - q 22 + q 24 

A^' 9] = 1 + q 8 - q 38 + q 32 - q 46 + q 40 - q 2 - q 10 + q 16 - q 20 + q 24 - q 28 + q 4 

6.8 Case (4, n), n = 4k + 3 fundamental representation 



(153) 



p T[4,n] 
Ml] 



= c[tjMf 4] g- 3 " + c^M^q-^t? + c[^Mf 2j2] g-"r + cft^M^,^"* + c[^M^ 1A] t 



„l 2 . 2 ! 



[2,1,1] i 



Jl.l.l.l]; 



(154) 



with 



ii] 



g 3 / 2 (gV + t 2 + 1 + g 2 ; 2 ) (-1 %2] _ g 2 (-1 + t 2 ) (l + 1 2 ) (t 2 - q 2 

' C [i] _ 



„[2,1,1] 
-[1] 



t 3/2(_ 1 + qH 2) 



( 1+t 2)(_ 1+t 2 ) 2 (t 4 g 2 +t 4 +t 2 + l) ^^^^ 
t 5/2( 9 2 t 2 + 1 )(-_ 1 + ? 2 t 2)2 , C [l] 



t(-l + g 4 t 2 )(-l + g 2 t 2 ) 

g 3 (l+t 4 )(t 2 +t 4 + l)(l + t 2 )^(-l+t 2 ) 3 
t3(-l+ S 2 t 2 )(-l+t6 ? 2)(-l+t*g2) 
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three first superpolynomials: 



^' 4 ' 3] - {PH^ + H 4 * 2 - ^ - ^ - q4 - A 2 + q 6 f> + q 4 t 2 +t 4 q 4 + l + q 2 t 2 ) = ( _ 1+ f 2 p! tllq5 (q 6 t*a 4 + 
(q 6 t 5 + q 10 t 7 + q 8 t 7 + t 3 q 2 + t 5 q 4 ) a 2 + q 12 t 6 + q 6 t 4 + t 4 q 8 + 1 + q 4 t 2 ) 

P W ,7] = (^Jt (l + «V° + M V 4 - q 12 - t 2 q W - g 18 t 6 - t 4 q 16 )A 6 + (t 8 q 18 + g 10 + 3 t 4 g 14 + t 10 q 1S + t 12 q 18 + 2 g 16 * 8 + 
g 6 + t 2 q 14 + q 14 t 8 + 3 t 2 q 12 + q 12 t 6 + 2 t 2 q W + t A q w + 2 t 4 q 12 + q 8 + t w q 16 +t 2 q 8 + t 4 q lfi + 2t 6 q 14 + 3 t 6 q 1(i )A 4 + (-g 6 - q 2 - 
q 4 - 4 t 4 q w - q 4 t 2 - 2 q 6 t 2 - qH 4 - 2 t 2 q 10 - 3 i 2 g 8 - 2 t 4 g 8 - 3 tV 2 - i 4 g 14 - t 6 g 8 - 4 g 12 t 6 - 3 t 6 g 14 - 2 t 6 g 10 - t 12 g 14 - 
2 i 1 V 4 - 3 t w q 16 - t 12 q 18 - q w t 8 - 2 g 12 * 8 - t 10 q 12 - 2 g 16 t 8 - 4 g 14 i 8 - 2 t 12 g 16 - t 14 q 16 - t 14 q 18 - t 16 q 18 )A 2 + q 2 t 2 + t 4 q 4 + 
q 4 t 2 + q 6 t 2 + qH n + qH 4 + 2 t 4 g 8 + t 6 g 8 + g 12 t 6 + 2 t 6 g 10 + t 18 g 18 + f 12 g 14 + 2 t 10 q 14 + t 8 q 8 + q 10 t 8 + 2 g 12 t 8 + t 12 q 12 + t 1Q q 12 + 

q 14 t 8 +t 12 q 16 +t 14 q 16 + t 16 q 16 +t 14 q 14 + t 10 q 10 )=- , , ^V*"* 17 f 1 + 2 t 10 q 16 +t 12 q 18 + (2 q 16 ! 11 +4q 22 t 15 + 

I — 1 + q^j a 4 t' !,i q 17 V 



P [T] l4 ' nl = ^^ (l + tV^V^*^ 

2 g 2 V 6 + 2 g 22 / 6 + 2 g 2 V 8 + g 26 t 20 + g 28 t 24 + (-g 12 - g 2 V° - g 20 t 8 - g 2 V° - 2 q 2(i t 10 - q 28 t lf > - q 26 t 14 - q 28 t 14 - t 2 q 14 - 
t y « _ q ^t 2 - q 18 t 4 - g 18 t 6 - t 6 g 2 ° - t 4 q 16 - 2 t 4 g 20 - 2 t 6 g 22 - t 6 g 24 - g 2 V - q M) t 18 - g 26 f 12 - 2 g 24 t 8 - g 2 V 2 - g 26 t 8 - g 22 t 8 - 

? 28 t 12 )A 6 + (g 6 +t 4 3 10 +? 8 +9 10 + 2? 28 t 20 +t 2Y0 +9 30p +59 22 t 10 +9 20 t 14 + 59 20 t 8 +5g 2 V +2g 20 t 12 +4? 20 t 10 +4? 22 t 12 + 

4g 2 V 4 + 2g 22 t 14 + g 26 t 10 +4g 26 t 16 + 2g 2 V 6 + g 22 t 16 + g 2 V 8 + g 2 V + 2g 2 V 6 + 4g 26 t 14 + 2t 10 g 18 + 2t 2 g 10 ^ 
2t 2 g 14 +3t 2 g 12 +2t 4 g 12 +4t 4 g 14 +f 2 g 16 +4g 1 V+g 12 t 6 +5g 18 t 6 +5t 6 g 2 V4t 6 g 16 +2t 6 g 14 +4t 4 g 16 +t 4 g 20 +2^g 22 +4f 8 g 18 + 
t 10 q 16 + t 12 q 18 + 2 g 16 i 8 + g 14 t 8 + 4 g 2 V 2 + 2 g 24 t 8 + 5 g 24 t 12 + 2 g 2 V 8 + 6 g 22 t 8 + i 22 g 2 8 + g 30 t 22 + 3 t 18 q 28 )A 4 + (-g 6 - g 2 - 
g 4 - 4 1 V° - 2 g 28 * 20 - * 2 V 2 - t 24 g 30 - 5 g 22 t 10 - 2 

5 g 2 V 4 - 4 g 26 i 16 - 2 g 2 V 8 - 5 g 24 t 16 - 4 g 2 V 6 - 4 g 24 t 18 - 4 g 26 * 20 - 2 g 26 t 14 - 2 g 28 t 24 - g 4 t 2 - 2 g 6 f 2 - g 6 t 4 - 5 t 10 q 18 - 
t 26 g 28 -2f 2 g 10 -3t 2 g 8 -2t 4 g 8 -t 2 g 12 -4t 4 g 12 -4f 4 g 14 -t 6 g 8 -4g 12 t 6 -4g 18 t 6 -t 6 g 2l, -6t 6 g 16 -5t 6 g 14 -2t 4 g 16 -2^g 10 - 
tV 4 -7*V 8 -2tV 4 -4*V 6 -4*V 8 -« 10 * 8 -2« la « 8 ^ 

t 16 q 18 - t 24 q 26 - 4 g 24 t 12 - i 18 g 20 - 4 g 26 t 18 - g 22 i 8 - t 22 g 24 - i 26 g 3 ° - 3 t 2 2 g 28 - 2 * 20 g 24 - 2 g 26 i 22 - t 18 g 28 )^ 2 + g 2 t 2 + t 4 g 4 + 
g 4 t 2 +g 6 t 2 + g 6 t 6 + g 6 t 4 + 3t 1 ^ 18 + t 26 g 28 + 2t 4 g 8 +t 4 g 12 + t 6 g 8 + 2g 12 t 6 + t 6 g 16 + 2t 6 g 14 + 2t 6 g 10 + t 18 g 18 +t 12 g 14 + t 8 g 18 + 
2 i 1 V 4 + 2 1 10 g 16 + 2 t 12 q 18 + 1 8 g 8 + g 1 °t* + 2 g 12 t 8 + t 12 g 12 + 1 10 q 12 + 3 g 16 t 8 + 2 g 14 t 8 + g 30 t 30 + 2 i 12 g 16 + t 14 g 16 + 2 t 14 g 18 + 
f 16 g 16 + * 16 g 18 + t 24 g 26 + t 24 g 24 + t 18 g 20 + g 26 t 18 + t 22 g 24 + t 14 g 14 + 2 t 20 g 24 + 2 g 26 t 22 + t w q w + t 28 q 28 + t 22 q 22 + t 26 q 26 ) = 

1 + 2 t 18 q 30 + 2 t 16 q 26 + 2 t 10 q 16 + 2 t 12 q 18 + 3 q 24 t 16 + q 46 t 24 + q 52 t 28 + q 48 t 24 + 2 t 14 q 20 + 



(-1 + q 2 )a 4 t 35 q 29 

t 12 q 16 + 2q 30 t 2 Vq 4 t 2 +q 6 t 4 +q 26 t 18 +t 4 q 8 + q 22 t 16 +t 6 q 8 +q 12 t 6 +t 6 q 10 + 2q 44 t 24 + 2q 12 t 8 + q 34 t 22 + 3q 32 t 20 + 
2 q 32 t 18 + q 38 t 24 + 2 q 34 t 20 + 3 q 36 t 22 + q 34 t 18 + 2 q 40 t 22 + q 38 t 20 + 2 q 36 t 20 + 2 q 38 t 22 + 2 q 42 t 24 + 2 q 40 t 24 + 
q 16 t 8 + q 14 t 8 + t 10 q 18 + q 40 t 20 + q B4 t 28 + 3 t 18 q 28 + q 60 t 30 + q 44 t 22 + q 46 t 26 + q 56 t 28 + q 52 t 26 + (q 30 t 25 + q 30 t 27 + 
2 q 28 t 25 +q 16 t 17 + q 20 t 21 +q 44 t 31 +q 22 t 21 +q 48 t 33 + q 40 t 31 +q 34 t 29 + 2 q 36 t 29 + q 18 t 19 +q 12 t 15 +q 20 t 19 + q 24 t 21 + 

q 26 t 23 + q 28 t 23 + ^42^1 + ^32^5 + ^27 + ^ ^23 + ^27 + ^29 + ^26^5 + ^38^9 + ^ + ( g t 24 q 30 + 

2 q 32 t 22 + q 50 t 30 + q 46 t 28 + q 42 t 26 + 2 q 32 t 26 + 5 t 22 q 26 + q 24 t 22 + 2 t 24 q 28 + 4 t 20 q 22 + 5 t 20 q 24 + q 54 t 32 + q 52 t 32 + 
t 12 q 14 + 2 t 12 q 12 + q 30 t 20 + 4 q 26 t 20 + q 6 t 8 + q 26 t 18 + 2 q 24 t 18 + 2 q 28 t 20 + q 22 t 16 + 4 q 22 t 18 + 2 q 20 t 16 + q 10 t 12 + 
4 q 20 t 18 + 4 q 38 t 26 + 5 q 36 t 26 + 4 q 34 t 24 + 4 q 42 t 28 + 2 q 40 t 26 + 2 q 48 t 30 + 4 q 40 t 28 + 5 q 34 t 26 + 5 q 32 t 24 + q 18 t 14 + 

q 34 t 22 + q 38 t 24 + 5 t 22 q 28 + 4 q 38 t 28 + 3 q 46 t 30 + 2 q 36 t 24 + q 50 t 32 + ^28 + t 10 q 8 + t 10 q 10 + 4 t 22 q 30 + 3 t 14 q 14 + 

2 q 16 t 16 + t 18 q 18 + 4 q 18 t 16 + 2 t 14 q 16 + 2 q 44 t 28 + 2 q 44 t 30 + q 42 t 30 )a 4 + (2 q 52 t 29 + q 50 t 27 + 4 q 38 t 23 + 5 q 28 t 21 + 
4q 36 t 25 + q 54 t 31 + 2q 48 t 27 + q 46 t 25 + q 26 t 21 + 5q 32 t 23 + q 34 t 25 + 2q 40 t 23 + 5q 28 t 19 + 6q 22 t 17 + 2q 16 t 11 + 
4 q 22 t 15 + 4 q 16 t 13 + 4 q 14 t 12 + 5 q 20 t 15 + 4 q 46 t 27 + 2 q 36 t 21 + 2 q 48 t 29 + 7 q 30 t 21 + 7 q 34 t 23 + 4 q 18 t 13 + 2 q 12 t lx + 
q 30 t 17 + 2 q 32 t 19 + q 34 t 19 + 5 q 24 t 17 + q 14 t 9 + 4 q 26 t 17 + q 26 t 15 + t 3 q 2 + t 5 q 4 + q 6 t 5 + q 6 t 7 + q 22 t 13 + 2 q 20 t 13 + 
q 18 t n +4q 18 t 15 + 2 q 28 t 17 + 2 q 24 t 15 + 4 q 30 t 19 + 2 q 8 t 7 + q 10 t 7 + 5 q 36 t 23 + 3 t 9 q 10 + 2 t 9 q 12 + 4 q 44 t 27 + 4 q 34 t 21 + 
2q 20 t 17 + 5q 40 t 25 + q 56 t 31 +4q 42 t 25 +q 46 t 29 + 4q 42 t 27 + 5q 32 t 21 + 2q 40 t 27 + 3q 50 t 29 + q 38 t 21 +4q 24 t 19 + q 58 t 31 + 
q 30 t 23 + 6 q 38 t 25 + q 54 t 29 + 7 q 26 t 19 + 2 q 44 t 25 + q 42 t 23 + t 13 q 14 )a 2 + q 44 t 26 + t 10 q 14 + 2 q 22 t 14 + q 50 t 26 + q 42 t 22 + 

2 q 48 t 26 + q 20 t 10 + q 24 t 12 + q 22 t 12 + 2 q 20 t 12 + 2 q 24 t 14 + q 26 t 14 + q 28 t 14 + 2 q 28 t 16 + q 32 t 16 + q 30 t 16 + q 36 t 18 ) 
• HOMFLY case 

H m 4 ' 3] - TOT A " + (~i 8 -i 6 - i w -i 2 - " 4 ) A " + v 12 + i 6 + i 8 + i 4 + ^ 
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H 



W 4 ' 7] = ((-I 20 - I™ - I'" - I 2 ' - I'M 6 + (I" + 2 1* + <f + 2 q 12 + 2 g 10 + <? 3 ° + 3 g 20 + g 28 + 4 g 22 + 4 g 14 + 



2q 24 + 4g ls + 3 9 lb )A 4 + (-4q 2b -5g 14 -4g 12 -5g 22 -5q 2U -2g 28 -5g ib -4g iu -2q s -4g 24 -2g 



g 34 -g 4 -2g 6 )A 2 + l + 9 26 + 2g 8 +q 6 + q 4 + 2q 14 + 3g 16 +g 1 V3g 12 + 3q 24 + g 32 + 2g 18 + 3 9 20 +g 36 + 2g 28 + 2q 22 + g 30 ) 



^m 4 ' 11 ' = M^W (l + ? 6 + ^ + 2 g 8 + g 10 + 3 g 12 + 2 g 14 + 4 g 16 + 3 g 18 + 5 g 20 + 4 g 22 + 6 g 24 + 4 g 26 + 6 g 28 + g 5 " + g 56 + 
g 54 + 2g 52 +6g 36 + 2g 46 +4g 44 + 6g 32 +3g 48 + g 6(, + (-g 42 -3g 36 -3g 32 -g 12 -2g 20 -3g 28 -g 16 -3g 24 -2g 40 - 
g 18 -2g 30 -g 22 -g 48 -2g 26 ~g 38 -g 44 -2g 34 )A 6 + (g 6 + g 8 + 2g 10 + 2g 12 +4g 14 + 4g ls + 6g 18 +6g 20 + 9g 22 + 8g 24 + 

10 g 26 + 9 g 28 + 2 g 50 + g 54 + g 52 + 8 g 36 + 4 g 46 + 4 g 44 + 9 g 32 + 2 g 48 + 6 g 42 + 10 g 34 + 6 g 40 + 9 g 38 + 11 g 3 °)A 4 + (-2 g 6 - 
g 2 - g 4 - 2 g 8 - 4 g 10 - 4 g 12 - 6 g 14 - 6 g 16 - 9 g 18 - 9 g 20 - 11 g 22 - 1 1 g 24 - 13 g 26 - 12 g 28 - 4 g 50 - g 56 - 2 g 54 - 2 g 52 - 

11 g 36 _ ^58 _ g g 46 _ g q 44 _ u g 32 _ 4 q 48 _ g g 42 _ ^ g3 4 _ g q 40 _ u g 38 _ ^ ^30)^2 + 3 q 42 + 4 g 34 + 5 g 40 + 4 g 38 + 5 g 30 J 

• Floer case 

F™ = q 6 t 8 + q 6 t S + q 1() t 7 + q 8 t 7 + t 5 q 4 + t 3 q 2 + q 12 t 6 + q 6 t 4 + t 4 q 8 + 1 + q 4 t 2 

F™ = l+q 26 t 17 +q 22 t 1 ^q 22 t 14 +q 22 t 18 +q 28 t 16 W 6 t 18 +t 6 q 8 +t 1 % 14 +t 3 q 2 +t 9 q 1 Ht 11 q 14 +q 18 t 13 +q 34 t lu +q 14 t 14 

F^' 11] = 1 + 2 q 30 t 21 + 2 q 34 t 23 + q 42 t 27 + q 34 t 26 + 2 q 30 t 24 + q 38 t 28 + t 3 q 2 + q 52 t 28 + t 6 q 8 + q 60 t 30 + t 9 q 10 + q 38 t 25 + 
q 22 t 17 + q 44 t 26 + q 16 t 12 + q 58 t 31 + q 18 t 15 + q 26 t 22 + q 22 t 16 + q 30 t 20 + q 38 t 24 + 2q 26 t 19 + q 22 t 20 + q B0 t 29 

• Alexander case 



4T[4,3] 

A [i] 



l + q 12 -q 1() +q 6 -q 2 



4', 7 = 1 + q 36 - q 34 + q 28 - q 26 + q 22 - q 18 + q 14 - q 10 + q 8 



(155) 



Mi] 



l-q 2 + q S -q W +q 16 -q 18 + q 2 



q™ + q- - q 42 + q 44 + q 38 + q 52 - q 58 - q 34 + q 60 



6.9 Case (m,km), fundamental representation 

For the n-component links of the form (m, km) the general answer is: 



,[m,km] 



£ cf 1] M^q- 2 ^ Q "> k t 2 ^ k 



\Q\=m 



the coefficients cj^ is determined as unique solutions of the system of linear equations: 



explicitly they are given by: 



\Q\=m 



11] 



M Q {5 K1 )\Q\\ 



(l-i 2 )l«l 



n 



(156) 



(157) 



(158) 



(iJ - )€0 i-9 a t a(0 ^V '-'"> 

where M\(5k,i) is the value MacDonald polynomial at the point pk = 5k,i- 
• HOMFLY case 

Taking the formulae above at the point t = q we find a simple expression for HOMFLY polynomial of the links: 

T T[m,km] _ |^| , ^ „ . (X. , \ e* „*(.Q) k (159) 



H T[rn,km\ = | m |, Sx(S k ,l)s*xq" 
\Q\=m 



where: 



( {Q)=2(v{Q)-u{Q'))=2 (i-3) 



(160) 



Alexander case 



A T^,k m] = |m| , SQ (Sk,i) S Q(A 2 = -l)q^ k 

\\\=m 



(161) 
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6.10 Case (m, km + 1), fundamental representation 



pT[m,fem+i] _ C Q Mqq~ 2! ^^ (km+1 h 2l ^ (km+1) 

[1] \Q\=m 



(162) 



the coefficients cj^ = are defined from system of linear equations: 



A|=m 



(163) 



and 



°Q "(Q) 
Q _ g m * " 



T[i] 



E 



,2(i-l) 2Qi-2Qi+2j-2 



m „2 



(164) 



with the proper choice of integers ct\ 
• HOMFLY case 



H, 



T[m,fcm + 1] 



|Q|=m 



j* 2(2j+l-m)(fcm+l) 



(165) 



Alexander case 



L J<? |Q|=m 



j 2(2j+l-m)(bi+l) 



(166) 



In particular, the superpolynomials to compare with s.4.4: 



<n[S>6]/ , . 4,2 . 6.4 . 8,4 . 8,6 . 10,6 . 12,6 . 10,8 . „ 12.8 . 14,8 . 16.8 . 

V 1} J (a, q, t) =1 + q t +qt +qt +qt +q t +q t +q t +2q t +q t +q t + 



14.10 . „ 16,10 . 18,10 . 20,10 . 16,12 . „ 18,12 . „ 20,12 . 22,12 . 24,12 . 20,14 

+ qt +2qt +qt +qt +qt +2qt +2qt +qt +qt +qt + 
+ 2q 22 t 14 + 2q 24 t 14 + q 26 t 14 + q 28 t 14 + q 2 V 6 + q 26 t 16 + 2q 28 t 16 + q 3 °t 16 + q 32 t 16 + q 3 V 8 + 
+ q 32 t 18 + q 34 t 18 + q 36 t 18 + q 40 t 20 + 

2/ 2,3 . 4,5 . 6,5 . 6,7 . „ 8.7 . 10,7 . 8,9 . „ 10,9 . „ 12,9 . 14.9 . 

+a (q t + q t +qt +qt +2qt +q t +qt +3q t +2q t +q t + 

. o 12,11 . , 14.11 . „ 16,11 . 18,11 . n 14,13 . , 16.13 . . 18,13 . „ 20,13 . 22,13 . 16.15 . 

+ 3qt +4qt +2qt +qt +2qt +4qt +4qt +2qt +qt +qt + 
+ 3q 18 t 15 + 5q 20 t 15 + 4q 22 t 15 + 2q 24 t 15 + q 26 t 15 + q 2 °t 17 + 3q 22 t 17 + 4q 24 t 17 + 4q 26 t 17 + 2q 2 V 7 + 
+ q 3 °t 17 + q 24 t 19 + 2q 26 t 19 + 3q 28 t 19 + 3q 3 °t 19 + 2q 32 t 19 + q 3 V 9 + q 32 t 21 + q 34 t 21 + q 36 t 21 + 

38.21N 

+ q t )+ 

4/ 6,8 . 8,10 . 10,10 . „ 10.12 . „ 12,12 . 14,12 . 12,14 . „ 14.14 . „ 16,14 . 18,14 

+a (qt+qt +qt +2qt +2qt + q t +qt +3qt +2qt +qt + 

+ q 14 t 16 + 3q 16 t 16 + 4q 18 t 16 + 2q 2 °t 16 + q 22 t 16 + 2q 18 t 18 + 3q 2 °t 18 + 4q 22 t 18 + 2q 2 V 8 + q 26 t 18 + 
+ q 20 t 20 + 2q 22 t 20 + 3q 24 t 2 ° + 3q 26 t 2 ° + 2q 28 t 20 + q 3 °t 20 + q 26 t 22 + q 28 t 22 + 2q 3 °t 22 + q 32 t 22 + 
+ q 3 V 2 ) + 

+a 6 (q 12 t 15 + q 14 t 17 + q 16 t 17 + q 16 t 19 + q 18 t 19 + q 20 t 19 + q 18 t 21 + q 20 t 21 + q 22 t 21 + q 24 t 21 + 

22.23 . 24,23 . 26,23 . 28,23\ . 

+ qt +qt +qt +qtj + 

8 20.24 

+a q t 
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T)[6. 7 1 1 i 4,2 . 6,4 . 8,4 . 8,6 . 10,6 . 12,6 . 10.8 . „ 12,8 . 14.8 . 16,8 . 12.10 . 

P^j =l + qt +qt +qt +qt +q t +q t +q t +2q t +q t +q t +q t + 

. „ 14,10 . „ 16,10 . 18, lO . 20,10 „ 16,12 . „ 18,12 . „ 20 A 12 , 22.12 24,12 . 



. r, 14,10 . „ 16,10 . 18,10 . 20,10 . „ 16,12 . „ 18,12 . „ 20,12 . 22.12 

+ 2qt +2qt +qt + q t +2qt +3qt +2qt +qt +q 

18,14 . „ 20,14 . „ 22.14 . „ 24,14 26 , 14 . 28 , 14 . 20 . 16 „ 22 , 16 . . 



~ 2 V 2 + 
24, 16 



18,14 . „ 20,14 . „ 22.14 . „ 24,14 . 26,14 . 28,14 . 20.16 . „ 22,16 . . 24,16 

+ qt +3qt +3qt +2qt + q t +qt +qt +2qt +4qt + 

. o 26,16 . „ 28,16 . 30,16 . 32,16 . „ 24,18 . „ 26,18 . . 28," "" 

+ 3q t +2qt +qt +qt +2qt +3qt +4qt 

' " ' " °" ' " 32, 20 



+ q 34 t 18 + q 36 t 18 + 2q 28 t 20 + 3q 30 t 20 + 4q 32 t 



3q 34 t 20 + 2q aD 1 



28 t l. 
36, 20 



- 3q 3 °t 18 

- q 38 t 20 



2q 32 t 18 + 
q 40 t 20 + 



. 30,22 . „ 32,22 . „ 34.22 

+ qt +2qt +3qt 



. 36,22 . „ 38,22 . „ 40,22 . hi, 

4q t + 3q t + 2q t + q t 



42.22 . 44, 22 . „ 36, 24 

+ qt +2qt + 



„48 x 24 ,.«,30 . ~ 42 ^ 26 ^ 2q' 



,42.26 , _44^.26 



+ 
60. 30 



+ 2q 38 t 24 + 3q 40 t 24 + 3q 42 t 24 + 2q 44 t 24 + q 46 t 24 + q 48 t 24 + q 4 °t 2 ° + q^ 

+ 2q 46 t 26 + 2q 48 t 26 + q 50 t 26 + q 52 t 26 +q 48 t 28 + q 50 t 28 + q 52 t 28 +q 54 t : -- * f , - M , - 

. 2/ 2,3 . 4.5 . 6,5 . 6,7 . „ 8,7 . 10.7 . 8.9 . „ 10,9 . „ 12,9 . 14,9 . 10.11 . . 12,11 . 

+a (q t +qt +qt +qt +2qt +q t +qt +3q t +2q t +q t +q t +4q t + 

. . 14,11 . „ 16,11 . 18,11 . 14.13 . a 16,13 . . 18,13 . „ 20,13 . 22.13 . „ 16.15 . 

+ 4qt +2qt +qt +4qt +6qt +4qt +2qt +qt +3qt + 

. n 18, 15 . _ 20, 15 . . 22, 15 . „ 24.15 . 26, 15 . „ 18, 17 . „ 20, 17 . „ 22,17 . _ 24.17 . 

+ 7qt +7qt +4qt +2qt +qt +2qt +6qt +9qt + 7q t + 

. . 26,17 . „ 28,17 . 30,17 . 20,19 . - 22,19 . „ 24,19 . 1rl 26,19 . _ 28,19 . . 30.19 . 

+ 4qt +2qt +qt +qt +5qt +9qt + lOq t + 7q t + 4q t + 
+ 2q 32 t 19 + q 34 t 19 + 2q 24 t 21 + 7q 26 t 21 + 10q 28 t 21 + 10q 3 °t 21 + 7q 32 t 21 + 4q 34 t 21 + 2q 36 t 21 + 
+ q 38 t 21 + q 26 t 23 + 4q 28 t 23 + 8q 3 °t 23 + 10q 3 V 3 + 10q 34 t 23 + 7q 36 t 23 + 4q 38 t 23 + 2q 4 °t 23 + 
+ q 42 t 23 + q 30 t 25 + 4q 32 t 25 + 7q 34 t 25 + 9q 36 t 25 + 9q 38 t 25 + 7q 40 t 25 + 4q 42 t 25 + 2q 44 t 25 + 
+ q 46 t 25 + q 34 t 27 + 2q 36 t 27 + 5q 3 V 7 + 6q 4 °t 27 + 7q 42 t 27 + 6q 4 V 7 + 4q 46 t 27 + 2q 48 t 27 + 

50,27 . 40,29 . „ 42.29 . „ 44,29 . . 46,29 . . 48,29 . „ 50,29 . „ 52.29 . 54,29 . 

+ qt +qt +2qt +3qt +4qt +4qt +3qt +2qt +qt + 

50,31 , 52,31 , 54,31 . 56,31 . 58,31\ , 

+ q t + q 



50,31 . 

+ q t + q 



52,31 . ot, 

t + q t 



. 4/ 6,8 . 8.10 . 10,10 . „ 10,12 . „ 12,12 . 14.12 . „ 12,14 . . 14,14 . „ 16,14 

+a (q t + q t +qt +2qt +2qt +qt +2qt +4qt +2qt 

18,14 . „ 14,16 . 16.16 . _ 18,16 . „ 20,16 . 22,16 . 16.18 . „ 18,18 . _ 

22 , 



+ 5q 

+q . . . . . 

+ 6q 26 t 24 + 10q 28 t 24 + llq 30 t 24 + 8q 3 V 4 + 5q 34 t 24 + 2q 36 t 24 + q 38 t 24 + q 
+ 8q 3 V 6 + 10q 3 V 6 + llq 3 V 6 + 8q 36 t 2B " " 40 ■ 2B 

+ 6q 34 t 28 + 8q 36 t 28 + 9q 38 t 28 + 7q 40 t 



7q 20 t 18 + 



- 28 t 20 + 



, 18,16 . „ 20,16 | 22,16 . 16.18 . „ 18,1 

A , 5q t + 2q t + q t + q t + 6q t , 

:,18 . „ 24,18 . 26,18 . 18,20 . _ 20,20 . „ 22,20 . „ 24,20 . 26.20 . „ 2 

t +2qt +qt +qt +5qt +9qt +8qt +5qt +2q 

30, 20 . . 22, 22 . „ 24. 22 . -, 26. 22 . „ 28, 22 . - 30, 22 . n 32, 22 . 34, 22 . „ 24, 24 . 

t + 4q t + 8q t + llq t +8qt +5qt +2qt +qt +2qt + 

:C,24 ,., 28,241 , , 30,24 ., 32.24 , „ 34.24 , „ ,36^24 , „ 38^.24 , _26^.26 _|_ 3q 28 (; 26 ^. 



_ 38.26 

5q t 



„ 40,26 

2q t 



42,26 . 30,28 

q t + q t 



5q 42 t 28 



2q 44 t 28 + q 46 t 28 + q 34 t 



■ . 38,30 | - 40,30 . „ 42,30 . 44.30 . . 

+ 4q t + 5q t + 6q t + 5q t + 4q 

46j_32 , 48j.32 , „ 50,32 . 52.32 . 54,32\ . 

~ t +q t +q t ) + 



34. 30 
1 z 

42 .32 



3q 32 t 28 + 
2q 36 t 30 + 



46 t 30 + 2q 48 t 30 + q 50 t 3 ° + q 42 t 32 + q 44 t 32 + 



^40^.33 , „42j.33 , „44^.33 _j_ ^46^.33 



,32^.27 
40 .29 

q t 

36. 33 



,34 t 27 + 



30, 31 . 

q t + 



. r. 46,32 , « 48,32 . 5 

+ 2q t + 2q t + 2q 

12.15 . 14, 17 . 16, 17 . „ 16, 19 . „ 18.19 . 20, 19 . „ 18,21 . „ 20,21 . „ 22, ij. . 

qt +qt +qt +2qt +2qt +qt +2qt +3qt +2qt + 
+ q 24 t 21 + 2q 20 t 23 + 4q 22 t 23 + 4q 24 t 23 + 2q 26 t 23 + q 28 t 23 + q 22 t 25 + 4q 2 V 5 + 5q 26 t 25 + 
+ 4q 28 t 25 + 2q 30 t 25 + q 32 t 25 + q 2 V 7 + 3q 26 t 27 + 5q 28 t 27 + 6q 3 °t 27 + 4q 32 t 27 + 2q 34 ' 27 

36,27 . „ 28,29 . „ 30.29 . _ 32,29 . - 34,29 . . 36,29 . „ 38,29 , 40^.29 , 30 

+ q t + 2q t + 3q t + 5q t + 5q t + 4q t + 2q t 

. r, 32,31 . o 34,31 . . 3" Q1 ,Ja Q1 An Q1 "° 1,1 AA « 

+ 2q t + 3q t + 4q 

■ 40,33 | „ 42,33 . „ 4 

+ 2q t + 2q t + 2q 

. 8/ 20.24 . 22,26 . 24,26 

+a (q t +q t +q t -, M - , M M . -, > M • .. 

+ q 32 t 30 + q 28 t 32 + q 30 t 32 + q 32 t 32 + q 34 t 32 + q 36 t 32 + q 32 t 34 + q 34 t 34 + q 36 t 34 + q 38 t 34 + 
+ q 4 °t 34 ) + 
+a 10 q 30 t 35 



+ 4q 38 t 31 + 3q 40 t 31 + 2q 42 t 31 + q 44 t 31 + q 36 t 33 + q 38 t 33 + 



48,33\ . 

q t )+ 



26 .28 . 28 ,28 . 

t +q t +q t 



.20.30 + q 28 t 30 + q 30 t 30 + 
34,34 . 36.34 



6.11 Case (2, m), series m — 2k + 1, symmetric representation [2] 



pT[2,m] _ [4] M * -6m , / q\ [3,1] M * -3m, m , ( q\ 2 [2,2] -2m,2 
r - C [2] M m q + [ t ) C [2] M [3,l}1 1 + \t) C [2] M 12,2]1 1 



(167) 
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with the coefficients: 



„[4] , [3,i] _ (l-t 2 )(l + g 2 )(l+tV) , 2 , 2 i_ (l-t 4 )(l + tV) 

C [2] X > C [2] 1-^*2 C [2] (1 - ^2)^ _ ^2) 



(168) 



such that we obtain: 

p t[2,i] = M}{gA}* 2 

l 2 ' {i}{tg}A 2 g 6 

2 



j£P.*l = MH^}^ / 16^ _ q 16 A 2 t e> + 14^ _ 18^6 + 1^6 + g 10 t 4 _ 16^4 _ 12^4 _ 3 14^4 + 8^ 

+q 12 t 4 + q 1S A 4 t 4 + q 14 A 4 t 2 - q 12 A 2 t 2 - 2q 10 A 2 t 2 + q 16 A 4 t 2 - q s A 2 t 2 + q 4 t 2 + qH 2 - q 6 A 2 - q 4 A 2 + q W A 4 + 1 
T[2,7] _ {A}{qA}t 2 ( ^ _ q 26 A 2 tW _ q 2A A 2 tW + ^OjlO + ^10 + ^26^8 _ 2 q 22 AH* - g 20 A 2 t 8 + q 18 t S + 



121 {t}{tq}A 2 q 

+g 16 i 8 - g W A 2 t 8 + g 2,, t 8 + q 22 A 4 t" - g le A 2 t e - 2q 2l > A 2 t b - q 22 A 2 t« - 2q 1 «A 2 t< i + q u 't° + q 24 AH° + g 18 i e + q 14 t b + 
+g 12 i 6 + q 18 A 4 t 4 + q 22 A 4 t 4 + q 20 A 4 t 4 - 2q 16 A 2 t 4 + q 8 t 4 - 2q 14 A 2 t 4 - q ls A 2 t 4 + q W t 4 - q 12 A 2 t 4 + q 12 t 4 + 

+q 16 A 4 t 2 + q 14 A 4 t 2 - q 12 A 2 t 2 - 2q 10 A 2 t 2 - q 8 A 2 t 2 + qH 2 + q 4 t 2 + q 10 A 4 - q G A 2 - q 4 A 2 + l) 
p T[2,2fe+l] {A}{qA}t 2 T[2,2fc+1] 

121 {t}{tq}A 2 q 12k + e PI 

Our answer for Pnj 2 ' 3 ^ is in full agreement with the known results [10] and generalize it to m > 3. 

• HOMFLY case 
At the point t = q we have: 



H [2] = S [4]5 ~ S [3,1]9 + S [2,2] (170) 



several first answers are: 

„t[2,i] {A}{ g ,4} 
[2] {g}{g 2 M 2 g 4 



9 12 


-.4 2 g 12 


+ A 4 q 10 


- A 2 q 10 


+ q S -A 2 q 6 + q e >-A 2 q 4 + l) 




9 24 


- A 2 q 24 


+ A 4 q 22 


- A 2 q 22 


- A 2 q 2t> + q 2t> + A 4 q 18 - 2A 2 q ls + g 18 


+ A 4 q 16 - 


? 14 - 


- 2A 2 q 12 


+ q 12 + 


A 4 q w - 


A 2 g 10 + g 8 - A 2 g 6 + g 6 - A 2 g 4 + l) 




s 36 


- A 2 q i(i 


- A 2 q 34 


+ A 4 q 34 


- A 2 g 32 + g 32 - 2A 2 q 30 + A 4 q M + g 30 


+ g 28 + A 4 g 28 



PI {q}{q 2 )A 2 q le 
T[2,5] {A]{qA} 
PI {g}{g 2 }A 2 g 2 » 

g 16 -A 2 g 14 +_ 

'[2.7 {^H 1 ?^.} / 36 /l2„36 4 2„34 , ^4^,34 a2 „32 , „32 ^42^30 , j4„30 , „30 , „28 , 44^28 



PI {g}{g 2 }A 2 g« 

-2A 2 g 28 + A 4 g 26 + g 26 - 2A 2 g 26 + 2g 24 - 2vl 2 g 24 + yl 4 g 24 + vl 4 g 22 - 2A 2 g 22 + g 22 + g 2() - 2A 2 g 20 - 2A 2 g 18 + 
+g 18 + A 4 g 18 + g 16 + A 4 g 16 - A 2 g 16 - A 2 g 14 + g 14 - 2A 2 g 12 + g 12 + A 4 g 10 - A 2 g 10 + g 8 - ^ 2 g 6 + g 6 - A 2 g 4 + l) 

„T[2,2fc+l] { A }{qA} ^,T[2,2fc+l] 

PI {g}{g 2 }A 2 g 12fc + 4 P) 

and the results coincide with well known HOMFLY polynomials. 
• Floer case 

^[2] - 1 

F^ 12 ' 31 =q 8 t 6 +t 3 q 4 + l 

= t 1 V 6 + t 9 q 12 + t 6 q 8 + 1 3 q 4 + 1 
i^j 2 ' 71 = t 18 q 24 + t 15 q 20 + t 12 q 16 + t 9 q 12 + t 6 q 8 + t 3 q 4 + 1 1 ' 

F^ 9] = t 24 q 32 + t 21 q 28 + t 18 q 24 + t 15 q 20 + t 12 q 16 + t 9 q 12 + t 6 q 8 + t 3 q 4 + 1 



Alexander case 



4f' 1] - 1 

^2J =q 16 -q 12 + q 8 -q 4 + l (173] 
^ 2 2 - 7] =q 24 -q 20 + q 16 -q 12 + q 8 -q 4 + l 1 ' 



A l § 2 - 9] = q 32 - q 28 + q 24 - q 20 + q 16 - q 12 + q 8 - q 4 + 1 
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6.12 Case (2, m), series m — 2k + 1, antisymmetric representation [1,1] 



3 T[2,n] 
[2] 



2n^2n _j_ 



[i,i,i,i] 



with the coefficients: 



such that we obtain: 

p T[2,l] = MMf}*" 

I 2 ' {>}{t 2 }AV 



L [2] — L [2] 



[2,1,1] 



1 - qH 2 



Jl, 1,1,1] 

-[2] 



(l-^)(l-i 6 ) 

(l-g 2 t 4 )(l-g 2 t 6 ) 



(174) 



(175) 



P l 2 l [2 ' 3] = {t}{i}Ai q s ( q4tl ° - A2qH& + qH " A2qH ' + qHi - AWt2 +t2 + AV A2q2 ) 
{A}{f}t ?2 



gV 8 + gV 4 - g 8 .4 2 i 14 + gV 2 - g 8 AV 2 - q 6 A 2 t 10 + q 4 t 10 - 2q 6 A 2 t 8 + qH 8 + q 8 A 4 t 8 + 



I 2 ' {t}{t 2 }A 2 q 10 ' 

+q 4 t 6 - q G A 2 t 6 - A 2 q 4 t 6 + q 2 t G + q 2 t 4 + q 6 A 4 t 4 - 2A 2 qH 4 + q 6 A 4 t 2 - A 2 q 2 t 2 - q 4 A 2 t 2 + t 2 + A 4 q 4 - A 2 q 2 ) 
P T[ 2 ,7]_ {A}{i}t 16 



[2] 



g 12f26 + q W t 22 _ q 12 A 2 t 22 _ ^2^20 + qWf 2 _ glO^lS + ^18 + ,12^16. 



(176) 



-2q 10 A 2 t^ + qH 16 + qH 14 + q 8 t 14 - q w A 2 t 14 - q 8 A 2 t 14 + q 10 A 4 t 12 + qH 12 - 2q 8 A 2 t 12 + q 10 A 4 t w + q 6 t 10 - 
-2q 8 A 2 t 10 - q 6 A 2 t 10 + q 4 t 10 - 2q 6 A 2 t 8 - q 8 A 2 t 8 + q 4 t 8 + qH 8 + q 8 A 4 t 8 + qH 6 + q 8 A 4 t 6 - A 2 qH' + q 2 t 6 - 
-2q 6 A 2 t 6 + q 6 A 4 t 4 - 2A 2 q 4 t 4 - q 6 A 2 t 4 + q 2 t 4 + q 8 A 4 t 4 + q 6 A 4 t 2 - A 2 g 2 i 2 + t 2 - q 4 A 2 t 2 - A 2 q 2 + A 4 g 4 ) 

pT[2,2fe+l] 

{A}{f}t 4k +< 

_,pT[2,2fc+l] 
*[2] - {t}{t 2 }A 2 q* k + 2 [2] 

There are no answers in literature 

• HOMFLY case 
At the point t = q we have: 



Tr T\2.m] * . * 2m , * 6m 

H [2] = S [2,2] + s [2,l,l]9 + s [l,l,l,l]9 



(177) 



several first answers are 

A l „4 



„T P ,1] = M>{f>g 

PI M{g 2 }A 2 

^2, [2 ' 3] - (V 2 ^ - + ^ + 1 4 + AS 2 AV - A 2 + l) 

„T P ,5] _ I?' / 24 

"[2] ~~ ' — " 1 q 



{q}{q 2 }A 2 

4„8 i „S i „6 o /l2„6 



vlV U + g 18 - AV 8 + g Ib - A 2 q^ + A q + g 12 - 2A 2 g 12 + g 1 " - A 2 g lu - A 2 g 8 + 

4„6 a 2 4 i 4 i i4 2 /l2„2 ,i2 



+AV + g 8 + g" - 2AV + A 4 g b - A 2 g 4 + g 4 + A 4 g 2 - A 2 g 2 - A 2 + 1 

^l„4 

A 2 g 32 - A 2 g 30 + g 30 + g 28 + A 4 g 26 - A 2 g 26 - 2A 2 g 24 + g 24 + g 22 - A 2 g 22 + g 20 + 



"[2] 



(178) 



- {q}{q 2 }A 2 

+A 4 q 20 - A 2 q 20 + A 4 q 18 - 2A 2 q 18 + q 18 - 2A 2 q 16 + g lfi + ^ 4 g 14 + g 14 - 2^ 2 g 14 + ^ 4 g 12 + 2g 12 - 2A 2 g 12 + 
+g 10 + A 4 g 10 - 2A 2 g 10 - 2^ 2 g 8 + g 8 + A 4 g 8 + A 4 g 6 + g 6 - 2^ 2 g 6 - ^ 2 g 4 + g 4 - A 2 g 2 + A 4 g 2 - A 2 + l) 



^-T[2,2fc+l] _ {^jj g }l TjT[2,2k+l] 



'[2] 



{g}{g 2 }^ 2 "PI 



and the results coincide with well known HOMFLY polynomials. 
• Floer case 



P T[2,1] 

H , 
P T[2,3] 

l 2 i , 
P T[2,5] 

H , 

j,T[2,7] _ ^.12^36 ^.11^32 _,_ j.10^28 _,_ (-9^,24 +8„20 (-7^16 j_ +6^12 



[2], 



[2] 



t 4 q 12 +t 3 q 8 +t 2 q 4 

t 8 q 24 + t 7 q 20 + t 6 q 16 + t 5 q 12 + t 4 q 8 



t^q aD + t^q" + t ±u q"° + t a q" + t°q" u + t ' q iD + fq 1 



(179) 



? T[2,9] = t 16 q 48 + t 15 q 44 + t 14 q 40 + t 13 q 36 + t 12 q 32 + t ll q38 + t 10 q 24 + t 9 q 20 + t 8 q 16 
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• Alexander case 



4f' 1] - 1 

4r ] - q 



= q 24 


-q 2 °- 


hq 16 


-q 12 


+ q 8 






= q 36 


-q 32 - 


hq 28 


-q 24 


+ q 20 




+ q 12 


= q 48 


-q 44 - 


hq 4 ° 


-q 36 


+ q 32 


-q 28 


+ q 24 -q 20 + q 16 



(180) 



6.13 Case (2, m) series m = 2k, representations [l](g)[l,l] 



pT[2,n] _ [2,1] , ,» -n,n , H,i,iJ »^-* , 
Ml],[l,l] _C [l],[l,l] JM [2,l]9 +C [l],[l,l]- M [l,l,l] t 



[1,1,1] 



with the coefficients: 



[2,1] _ , 
C [l],[l,l] ~ l ' 



j!,!,!] _ (l-g 2 )(l + t 2 +t 4 ) 

-[1],[1,1] 1 _ g 2 t 4 



(181) 



(182) 



pT[2,0] _ {^}{f } 



[i],[i,i] {t} 2 {t 2 }A 

pT[2,2] 



( A 2 -l) 



[1],[1,1] {t}2{ t 2} A? 

{^}{f}t 4 



{j4}{ * } * 2 (t 4 - 9 ¥ + AV-i) 



pT[2,4] 
Ml], [1,1] 



{t} 2 {t 2 }A 4 



(< 



q H* - q 4 t S + q 4 A 2 t 4 - A 2 t 4 q 2 + t 4 - q 2 t 4 + A 2 q 2 - 1 



) 



(183) 



J™] = T^Km (*' V - V - ? 4 t 8 A 2 + t 8 g 6 A 2 + g 2 i 8 - g 4 i 8 + q 4 A 2 t 4 - A 2 t 4 g 2 + i 4 - q 2 t 4 + A 2 q 2 - l) 



-,T[2,2k] 



{t} 2 {t 2 }Aq< 
{A}{f}t 2k 



V 



T[2,2fe] 



[i],[i,i] {t} 2 {t 2 }Aq 2k W'l 1 ' 1 ! 

Our answer for Hopf link f^fj] is in full agreement with the known results, for example [8] and generalize it to m > 2. 

• HOMFLY case 
At the point t — q we have: 



rrT[2,m] 2 

H 1 1 = S[ 2 ,i] +S[i,i,i]<7 



(184) 



several first answers are: 



„T[2,0] - j^Hjj ^2 ,\ 



rrT[2,2] 

[!],[!,!] 



{g} 2 {g 2 M 
{^}{f} 



(g 4 -g e + ^g 2 -l) 



M 2 {g 2 M 

„T[2,4] _ (^Hjj / io _ 12 , 8,2 _ ,2 6 , 4 _ 6 , ,2 2 _ ,\ 

H W^>1] ~ ta\ 2 (a 2 \A\ q V +q A 1+1 q+Aq Lj 



(185) 



{g} 2 {g 2 M 

rrT[2,2fc] T,T[2,2fe] 

[i],[i,i] ~ {q} 2 {q 2 }A M.I 1 . 1 ] 
Floer case 
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p T[2,0] _ ,2 

r [l],[l,l] - 1 1 
P T 2,2 ,2 6 4 2 

F [l],[i,l] =* q q ~ q 



F nui\ = t4 q 12 - 1 V° - * 2 q 8 + q 6 + * 2 q 6 - q 4 - q 2 + 1 



? T[2,6] _ + 6„18 _ _ + 4„14 _,_ j.2^,12 _,_ + 4„12 _ j.2^,10 _ + 2„8 _,_ „6 _j_ j.2^,6 „4 „2 



t 2 q 10 - t 2 q 8 + q 6 + t 2 q 6 - q 4 - q 2 + 1 



Alexander case 



A T[2,0] _„ 
^[1 ,[1,1] _ U 
■ T2.2] 6 4 2,i 

A [l ,[1,1] = q +1 

4 f[l 41 l] = q 12 - q 10 - q 8 + 2q 6 - q 4 - q 2 + 1 (187) 

- q 18 - q 16 - q 14 + 2 <* 12 - <* 10 - q 8 + 2q 6 - q 4 - q 2 + 1 



6.14 Case (2, m) series m = 2k, representations [l,l](g)[l,l] 



pT[2,m] _ [2,2] M * -2m ,2m , J^,i,iJ w* _ m . 3m , 11,1,1, ij 

Ml, 1], [1,1] — t [l,l],[l,l] J "[2,2] 1 ? 1 [1,1], [1,1] [2,1,1]^ c +C [1,1],[1,1] M [1,1,1,1] 1 



-2m,2m , J2,l,l] 



3m , „[1, 1,1,1] 



(188) 



with the coefficients: 



p.1,1] _ (l-g 2 )(l + t 2 ) [1,1,1,1] _ (l-g 2 )(l-tY)(l + t 4 )(l + i 2 +t 4 
C [i,i],[i,i] - l- ? 2 t 2 ' c [i,i],[i,i] (1 - q 2 t*)(l - q 2 t 6 ) 



(189) 



p T[2,0] {A} 2 {j} 2 
Ml, 1], [1,1] {f}2{ t 2}2 A 



- (> 10 - <? 2 * 10 + * 8 - ^ 8 - ^ 6 + ? 2 ^ ~ t6 + ^ - <^ 2 * 4 + i 2A2ti -t 4 + i 2ti - 

-q 2 A 2 t 2 +t 2 + q 4 A 4 - A 2 q 2 ) 

> (190) 

pTl2,4] = ^ t lp£ (q 8 t 18 - q 6 t 18 - q 6 t 16 + q 4 t u > + A 2 q G t 14 - q 4 t 14 - A 2 q 8 t 14 + q 6 t 14 + 2A 2 q 6 t 12 - A 2 q 4 t 12 + 

+q 6 t 12 - A 2 q 8 t 12 - 2q 4 t 12 + q 2 t 12 - A 4 q G t 8 + A 4 q 8 t 8 - 2A 2 q 6 t 8 - 2q 2 t 8 + 3A 2 q 4 t 8 + t 8 - A 2 q 2 t 8 + q 4 t 8 + q 4 t 6 - 
-A 4 q 6 t 6 + A 4 q 4 t 6 + A 2 q 4 t 6 ~ A 2 q 6 t 6 - t 6 + 2A 2 q 2 t 4 - 2A 2 q 4 t 4 + q 2 t 4 - A 4 q 4 t 4 + A 4 q 6 t 4 - t 4 + A 4 qH 2 - 

-A 4 q 4 t 2 - A 2 q 4 t 2 +t 2 + A 4 q 4 - A 2 q 2 ) 

^MUl.l] = JrMM^ {l 12 * 26 ~ ? 10 * 26 + I**' 4 - I™* 24 ~ A2 1 12t22 ~ I** 22 + A2 1 Wt ' 22 + q 10 t 22 - A 2 q 8 t 2 »- 
-2q 8 t 2 " + 2A 2 q 1 V + qV' - A 2 q 12 t 2Q + qh 20 - 2A 2 q 10 t 16 + A 4 q 12 t 10 - A 2 qH 16 + q 4 t 16 - A 4 q 1 "t 16 + 
+3A 2 q 8 t lfi + q 8 t lfi - 2q 6 t 16 - A 4 q 10 t 14 - A 2 q U) t 14 - qH 14 + A 4 q 8 t 14 + q 8 t 14 - A 2 q 6 t 14 + 2A 2 q 8 t 14 - q 4 t 12 + 
+q 2 t 12 - A 2 q 8 t 12 - A 4 q 8 t 12 + A 4 q 10 t 12 - A 2 q 4 t 12 + 2A 2 q 6 t 12 + A 4 q 10 t W - 2A 4 q 8 t U) - q 4 t 10 + q 6 t 10 + A 4 q 6 t 10 - 
-2A 2 q 8 t W - A 2 q 4 t 10 + 3A 2 q 6 t 10 + q 6 t 8 - A 2 q 8 t 8 + 2A 2 q 4 t 8 + t 8 - A 2 q 2 t 8 - 2q 2 t 8 + A 4 q 4 t 6 + 2A 2 q 4 t 6 + A 4 q 8 t 6 - ( 191) 
-t 6 - 2A 4 q 6 t 6 + q 4 t 6 - 2A 2 q 6 t 6 + 2A 2 q 2 t 4 - t 4 - A 4 q 4 t 4 + q 2 t 4 - A 2 qH 4 - A 2 q 4 t 4 + A 4 q 8 t 4 - A 2 q 4 t 2 + A 4 qH 2 - 
-A 4 q 4 t 2 + t 2 + A 4 q 4 - A 2 q 2 ) 



3 T[2,2fe] _ { A }{j}t 4k - 

[1,1], [1,1] ~ {t} 2 {t 2 } 2 A 2 q 4k [i,i], [1,1] 



Our answer for Hopf link -^2,2 is in full agreement with the known results, for example [8] and generalize it to m > 2. 

• HOMFLY case 
At the point t = q we have: 

#[I!i] 2 [i!i] = s h,2] + s [2,i,i]9 2fc + sfi,i,i,i]« 6fc (192) 
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several first answers are: 

„T[2,0] { A Y 2 {j } 2 

"[1,1], [1,1] {g}2{ g 2}2 A 

<i]'ll] = - - AV " ^ + + A2q4 + AW - q2 ~ ^ ~ A2 + 1 

<!i] 4 [i,i] = { &\%A2 0" - - «" ~ A2 f° + ^ + ^V' - ^ + - - + ^ 2 - 

-A 4 g 12 + 2A 2 q 10 - A 4 q w + q w + 2A 4 q 8 - q 8 - 2A 2 q 6 + q 6 - A 4 q 4 + A 2 q 4 + A 4 q 2 - q 2 - A 2 + l) (193) 

<! 2 ] 6 [i,i] = { ly]%l q A 2 ( gM - g34 - A2q32 - q32 + 2g3 ° + 2A2g28 - 2g26 - A2q2 " + AAq2ti - 2A2q2A - A4q24 + q24+ 

+q 22 + 2A 2 q 22 - A 4 q 22 - q 20 + 2A 4 q 20 + A 2 q 20 - 2A 2 q 18 - 2A 4 q 1(i + A 4 q 14 + A 2 q 14 - A 2 q 12 + q 12 + A 4 q 12 - 
-A 4 q 10 + A 4 q s - q S - A 2 q 6 + q 6 + A 2 q 4 - A 4 q 4 + A 4 q 2 - q 2 + \ - A 2 ) 

{A}{±}q 

"[1,1], [1,1] _ {g}2{ g 2}2 j4 2 rt [l,l],[l,l] 

• Floer case 



r [1,1], [1,1] _ 1 

irii i] = t4 q 10 - t2 q 8 - 2t2 q 6 + 2c i 4 + *v - 1 

f [Ti 2 ni i] = * V 8 - t4 q 16 - 2t V 4 + 2t V 2 + * 2 q 10 + * V° - q 8 - t2 q 8 - 2t V + V + t2 q 2 - 1 < m 
F n ini n = * 8q26 _ t6q24 _ 2t6q22 + 2t4q2 ° + t6q18 + t4q18 _ * 2q16 _ * 4q16 _ 2t4q14 + 2t2q12 + t4ql °+ 

+t 2 q id - q 8 - t 2 q 8 - 2t 2 q 6 + 2q 4 + t 2 q 2 - 1 
• Alexander case 

A [l,l],[l,l] - 1 

A l [2 j 2 1 1] = q 10 - q 8 - 2 q 6 + 2q 4 + q 2 - 1 

4 [ ij 4 i i] = q 18 - q 16 - 2 q 14 + 2 q 12 + 2 q 10 - 2 q 8 - 2 q 6 + 2 q 4 + q 2 - 1 ( 195 ) 
A ii % 1 1] = q 26 - q 24 - 2 q 22 + 2 q 20 + 2 q 18 - 2 q 16 - 2 q 14 + 2 q 12 + 2 q 10 - 2 q 8 - 2 q 6 + 2 q 4 + q 2 - 1 



6.15 Non-toric knot 5 2 and its descendants 



1i] J 



1i] 



[i] 



(196) 



with the coefficients: 



J 3 ] _ 1 -L^, 1 ! _ 



11] 



[2,1] 



[1] 



q (-1 + t) (t + 1) (g 6 t 6 - t 4 q 2 + qH 3 + q 3 t 3 - q 4 t 2 + qh + l) 
t (~l + qH) (qH + 1) 

„[1,1,1] _ 9 6 (l + t 2 )(t+t 2 + l)(t 2 -t+l)(-l + t) 2 (t + l) 2 t 2 
= [!] _ (-l+t 9 )(-l + i 2 9 )(i 2 9 + l)(t 9 + l) 



(197) 



First two superpolynomials in the series are: P^ 2 ' 1 = P^ = f | f y^ 2g3 (-q 6 A 4 + (qH 2 - q 5 t + q 4 ) A 2 + qH 3 -q 4 t 2 + q 3 tj = 



1 + 



(-l + q 2 )a 3 t 9 / 2 



— (t 8 q 6 a 4 + (q 8 t 7 + t 5 q 4 + q 6 t 6 )a 2 + t 5 q 8 + q 6 t 4 + t 3 q 4 ) 



{A} 



p&lA _ pl0i39 _ 

" ;! ' t{t}A 2 q!2 



(-tV + q 14 t-> + t b q VI + t b q w + qH + t 6 q* + V q vi + t 3 q w )A 4 + (-2 qH A - t s q 4 - q 4 t - t 3 q* - 

2j. , j.4,.9 „12,11 „8,7\ A 2 



2t\ W -q 14 t ll +tS 41 -2t\ 12 -t\ W -2fq & -2q 1 H 7 -t 4 \ 14 -t\ 12 -q 6 t>-q 2 t + t 4 q»- 
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t 5 g 8 -t 6 g 9 + g 8 t 7 +g 1() i 7 + t 9 g 10 +t 9 g 8 +g 10 f 11 +t 13 g 12 +r i g 2 +t 3 g 4 +t 5 g 4 +g 14 t 15 +g 12 t 11 ) = . - , s ( (q 1T t"+ 

) (— 1 + q 2 ) a s t 27 ' 2 q d \ 



q 7 t 8 + t 16 q 23 + q 15 t 12 + q 19 t 14 + t 13 q 15 + q"t 10 + q 13 t 12 )a 4 + (q 23 t 13 + q 11 ! 9 + t 15 q 27 + 2 q 21 t 13 + q 11 t r + q 15 t 9 + 
t 12 q 17 + 2t 11 q 17 + 2q 13 t 9 +t 15 q 25 + 2t 11 q 15 +t 11 q 19 +q 5 t 5 + 2q 9 t 7 + q 19 t 13 + t 10 q 13 + q 3 t 3 +t 5 q 7 )a 2 +q+q 17 t 8 + 
t^ 11 + t 6 q 13 + q 15 t 9 + t 10 q 17 + q 25 t 12 + t 12 q 23 + t 14 q 29 + q 5 t 2 + t 4 q 9 + q 13 t 8 + q 7 t 4 + t 10 q 21 + q 19 t 10 + q 15 t 8 ) 



• HOMFLY case 

2. 
'[1] 



H ^ = + (? 8 _ g 6 + ?4) A 2 + q S _ q n + g 4 



Hft- 4 = (g 11 + g 17 + q 23 + q 19 + q 13 + q T )A 4 + (-2 g 11 - 3 g 15 - g 17 - 2 g 19 - g 13 - g 27 - 2 g 9 - g 5 - g 7 - g 25 - q 3 - 2 g 21 - 
g 23 )A 2 + g + 2 g 17 + g 21 + g 23 + g 5 + g 7 + g 9 + g 11 + 2 g 13 + g 29 + g 19 + g 25 

• Floer case 

F^ 1 = q 8 t 7 + t 5 q 8 + q 6 t 4 + t 3 q 4 + q 6 t 6 + q 6 t 8 + t 5 q 4 

F^ A = q + t 13 q 15 + q 7 t 4 + q 13 t 8 + t 14 q 29 + t 10 q 13 + t 15 q 27 + q 9 t 7 + q 3 t 3 + q 15 t 9 + t^q 15 + t 12 q 23 + t 10 q 17 + 
q 21 t 13 +t 12 q 17 



Alexander case 

A*- 1 = -2q 8 + 3q 6 -2q 4 

4 2 j 4 = q + q 7 - q 3 - q 9 + 2q 13 - 3q 15 + 2q 17 - q 21 + q 23 - q 27 + q 29 



6.16 Eight figure knot 



(198) 



p4i,™ _ [3] M * -In , [2,1] M * n^ + f , yr* f 2n 

[1] - C [i\ M [2]1 + C [1] M [2.1S]1 1 + c [l] M [l,l,l,l] t 



(199) 



with the coefficients: 



[3] = [2.1] = (t -!)(!+ t)(tV - tV - *V - fV - g 4 * 2 - tg+1) 

C W 9 C W (-l + g 2 t)(l + (7 2 ^ 2 (200) 

Jl,l,l] _ g 3 (l+t 2 )(t 2 +t+l)(t 2 -t+l)(t-l) 2 (l+t) 2 



C [l] - t(_l +t 2g)(l +t 2 9) (_ 1+tg)(1+t9 ) 



p4i 
Ml] 



>0 = (q 2 A 4 - q 2 t 2 A 2 + tqA 2 - A 2 + f 2 ) = - j*^ (q 2 t 4 a 4 + ta 2 + q 2 t 2 a 2 + q 4 t 3 a 2 + q 2 ) 

P W 3 = {!}AV (« 5 ^ 4 - t2< ? 5 ^ - *V^ 2 - t<?A 2 - q 3 A 2 + t 2 q* + t 3 q 2 + t 5 q 4 + i) 

= - r ^ a J« „ f * Va 4 + q 6t6a2 - q 8t5&2 + q 2 * 4 * 2 - q 2t3a2 - t4 q 8 + t3 q 4 - q 4 * 2 - A 

{q J }a J t b q b V / 



(201) 



HOMFLY case 



H m = 4w ( 92A4 - 94 A2 + q2A2 - A2+ q2 ) 



H w 3 = {oWf ( q4Ai q6A2 q6A2 q2A ' q2A ' + qS + 2qi + x ) 



(202) 



Floer case 
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fJj>°=tV + 3tq a + l 

Fp\ ' 3 = t 4 q 8 + t 3 q 6 - t 4 q 6 - 2t 3 q 4 + t 2 q 4 - t 2 q 2 + tq 2 + 1 (203) 



Alexander case 



^ I y° = q 4 -3q 2 + l 

A\if = q 8 - 2 q 6 + 3 q 4 2f i 2 + 1 ( 204 ) 
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